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Abstract 

In 1993 Rosso and Jones computed for every simple, complex Lie algebra gc and every 
colored torus knot in the value of the corresponding 17q(gc)-qaantum invariant by using 
the machinery of quantum groups. In the present paper we derive a x S'^-analogue of the 
Rosso-Jones formula (for colored torus ribbon knots) directly from a rigorous realization of 
the corresponding (gauge fixed) Chern-Simons path integral. In order to compare the explicit 
expressions obtained for torus knots in x 5^ with those for torus knots in one can 
perform a suitable surgery operation. By doing so we verify that the original Rosso-Jones 
formula is indeed recovered for every gc- 


1 Introduction 

Let gc be an arbitrary simple complex Lie algebra, let q € C\{0} be either generic or a root 
of unity of sufficiently high order, and let CJg(gc) be the corresponding quantum group. In [35] 
an explicit formula for the values of the I7q(gc)-quantum invariant of an arbitrary colored torus 
knot in was found and proven using the representation theory of Uq{Qc)- 

In the special case where q is a root of unity the quantum invariants studied in [35| are 
normalized versions of the Reshetikhin-Turaev invariants associated to M = and Lq(gc) 
(cf. Eq. (jA.ip in the Appendix). It is widely believed that the Reshetikhin-Turaev invariants 
associated to a closed oriented 3-manifold M and to Uq{Qc) are equivalent to Witten’s heuristic 
path integral expressions based on the Chern-Simons action function associated to (M, G, k) 
where G is the simply connected, compact Lie group corresponding to the compact real form 
g of gc and k € N is chosen suitably (cf. Remark 15.61 below). Accordingly, it is natural to ask 
whether it is possible to derive the Rosso-Jones formula (or analogues/generalizations for base 
manifolds M other than S^) directly from Witten’s path integral expressions. 

In the present paper I will show how one can do this for a large class of colored torus (ribbon) 
knots L in the manifold M = x 5^ in a rigorous way. The approach of the present paper is 
based on the so-called torus gauge fixing procedure which was introduced in [3 El for the study 
of the CS path integral on manifolds of the form M = T, x S^. In [TTl [18] the basic heuristic 
formula of [7] was generalized to general colored links L in M. The generalized formula in 
mwiB was recently simplified in m, cf. the heuristic equation (12.7p below, which will be the 
starting point for the rigorous treatment of the present paper. 




In order to make rigorous sense of the RHS of the aforementioned Eq. (j2.7p we will work 
within the simplicial setting developed in m- The simplicial setting not only allows a completely 
rigorous treatment but also one that is essentially elementary: apart from som^il basic results 
from general Lie theory only a few quite simple results on oscillatory Gauss-type integrals on 
Euclidean vector spaces will be needed, cf. Sec. |4] below. 

The paper is organized as follows: 

In Sec. [2] we first recall the aforementioned heuristic formula Eq. (12.7j) for the CS path 
integral in the torus gauge and later give a ribbon version of Eq. (j2.7p . cf. Eq. (j2.I7l) below. 

In Sec. [3] we introduce a (rigorous) simplicial realization WLO(?-g'^(L) of the RHS of the 
heuristic formula Eq. (j2.I7p in Sec. [2] for generic colored ribbon links L. The definition of 
is similar to the one in [19] but incorporates some improvements and simplifications. 

In Sec. m we recall the relevant results from [20| on oscillatory Gauss-type integrals on 
Euclidean vector spaces which we will use in Sec. [5j 

In Sec. [5]we compute WLOflg^{L) (and the normalized version WLO'^g^^{L)) explicitly for 
a large class of colored torus ribbon knots L in S'^ x S^, see Theorem 15.71 and its proof. Apart 
from Theorem 15.71 a straightforward generalization is proven, cf. Theorem 15.81 

In Sec. [6]we combine Theorem l5.8l with a suitable surgery argument. The explicit expressions 
obtained in this way are then compared with those in the Rosso-Jones formula for colored torus 
knots in S^. We find agreement for all gc- 

The paper concludes with Sec. [7] and a short appendix. 

Comment 1 The present paper pursues two closely related but still quite different goals: 

Goal 1 (= Main Goal): Make progress with the simplicial program for Chern-Simons theory, cf. 
Sec. 3 in [19] and Remark 13.101 below. 

Goal 1 is achieved by Theorem l5.7l Theorem l5.8l and the partial verification of Conjectured] 
given in Sec. 16.21 

Goal 2: Give a (new) heuristic derivation of the original Rosso-Jones formula for general gc- 

Goal 2 is achieved by combining Theorem 15.81 (and Remark 13.lip below with the modifi¬ 
cation of Sec. 16.21 which is obtained by rewriting Sec. 16.21 using Witten’s heuristic surgery 
argument instead of the (rigorous) surgery argument for the Reshetikhin-Tureav invariant, 
cf. Remark 16.21 below. [Of course, if we were only interested in Goal 2 and not in Goal 1 
we could significantly reduce the amount of work and simply state and “prove” a heuristic 
continuum version of Theorem 15.81 This would take only a few pages. In particular. Sec. 
[3| could then be omitted.] 

Regarding Goal 2 it should be noted that there are already several quite general heuristic 
approaches for calculating the CS path integral expressions for a large class of knots &: links and 
base manifolds M, cf. the perturbative approach in [iaill[25l[2l[3l[9] based on Lorentz gauge 
hxing and the approach in [5] [6] which is based on non-Abelian localization. It is expected that 
in the special case of torus knots in M = the approach in [HE] leads to the Rosso-Jones 
formula but to my knowledge this has so far only been shown explicitly in the special case 
0c = sl{2, C). 

Apart from these (heuristic) path integral approaches one should also mention the approach 
in [26l |22l [271 |28l |29l [39] where Witten’s CS path integral expressions are evaluated for torus 
knots & links using the heuristic “knot operator” approach introduced in m- The knot opera¬ 
tor approach allows the derivation of the Rosso-Jones formula for arbitrary simple complex Lie 

^In fact, even most of the Lie theoretic results appear only after the path integral expressions have already 
been evaluated explicitly (cf. Steps 1-4 in the proof of Theorem 15.711 and we compare the explicit expressions 
with those in the Rosso-Jones formuala (cf. Step 5 in the proof of Theorem 15.71 and Sec. 16.211 












algebras but involves only few genuine path integral arguments (i.e. arguments which deal di¬ 
rectly/explicitly with the CS path integral). Instead, a variety of several quite different heuristic 
arguments, some of them from Conformal Field Theory, are used in the knot operator approach. 


2 The heuristic Chern-Simons path integral in the torus gauge 


Let G be a simple, simply-connected, compact Lie group and T a maximal torus of G. By g 
and t we will denote the Lie algebras of G and T and by (•, •) the unique Ad-invariant scalar 
product on 0 such that (d, a) =2 for every short coroot d G t. 

Let M be a compact oriented 3-manifold of the form M = T, x where S is a compact 
oriented surface. (From Sec. [5] on we will only consider the special case S = 5^.) Finally, let L 
be a fixed (ordered and oriented) “link” in M, i.e. a finite tuple (fi,..., 1^), m G N, of pairwise 
non-intersecting knots It . We equip each li with a “color”, i.e. an irreducible, finite-dimensional, 
complex representation pi of G. Recall that a “knot” in M is an embedding I : ^ M. Using 
the surjection [0,1] 9 t >->■ G { 2 : G C | | 2 ;| = 1} = 5^ we can consider each knot as a loop 

I : [0,1] —>■ M, l{0) = Z(l), in the obvious way. 


2.1 Basic spaces 

As in [191 [20] we will use the following notatiorU 

R = C°°(S,t) (2.1a) 

A = n\M,g) (2.1b) 

AE = n\j:,Q) (2.1c) 

.4s,t = b!i(S,t), .As,t = L!i(S,«) (2.1d) 

A'^ = {A G .4. I A{d/dt) = 0} (2.1e) 

A,-*- = {A“*“ G A"*" I J A-^{t)dt € A-E^i} (2 -lf) 

A^ = {A-*- G A"*" I A-*- is constant and As,t-valued} (2Ag) 


where t is the orthogonal complement of t in g w.r.t. (•,•). Above dt denotes the normalized 
translation-invariant volume form on and d/dt the vector field on M = S x obtained 
by “lifting” in the obvious way the normalized translation-invariant vector field d/dt on S^. In 
Eqs. (I 2 . 1 fj) and p.lgP we used the “obvious” identification (cf. Sec. 2.3.1 in [T9] i 


A^ ^ C“(5i,As) 


( 2 . 2 ) 


where C°°(5^,As) is the space of maps / : —)• As which are “smooth” in the sense that 
T, X 3 {a,t) (/(^))(^o-) S 0 is smooth for every smooth vector field X on S. Note that we 

have 


A"*" = A"*" © a /: 


(2.3) 


2.2 The original Chern-Simons path integral 

The Chern-Simons action function Scs : A —)■ M associated to M, G, and the “level”[l /c G N is 
given by 

Scs{A) = -k7r [ (A AdA) + i(A A [A A A]), AgA (2.4) 

Jm 

^Here V) denotes the space of T-valued p-forms on a smooth manifold N 

®cf. Remark [5.61 below 






Here [• A •] denotes the wedge product associated to the Lie bracket [•, •] : 0 x g ^ g and (• A •) 
the wedge product associated to the scalar product (•, •) : g x g ^ M. 

The (expectation value of the) “Wilson loop observable” associated to the colored link L = 
{h,l 2 , ■ ■ ■ ,lm) fixed above is the informal integral expression given by 

WLO(L) := ^ (n™ ^ Tr,,(Hoia^))) eMiScs{A))DA (2.5) 

where Hoh(74) G G is the holonomy oi A ^ A around the loop I = li, i ^ and DA is the 
(ill-defined) “Lebesgue measure” on the infinite-dimensional space A. A useful explicit formula 
for Hoi; (A) is 

( 2 - 6 ) 

where exp : g —)■ G is the exponential map of G. 

Remark 2.1 In the physics literature the notation Z{M,L) and Pexp(f^A) is usually used 
instead o/WLO(L) and Hol;(A). 


2.3 The torus gauge fixed Chern-Simons path integral 

Let TTs ; S X 5^ —>■ S be the canonical projection. For each loop Z* appearing in the link L we 
set l\^ := TTs o Zj. Moreover, we fix uo G S such that 

o-Q i [J,arc(Zs) 

By applying “abstract torus gauge fixing” (cf. Sec. 2.2.4 in [19]) and suitable change of variable 
(cf. Sec. 2.3.1 and Appendix B.3 in [T9|) one can derive at a heuristic level (cf. Eq. (2.53) in 

m) 


WLO(L) ~ ^ 


Jaixb 


UA^ 


|lc°°(s,W9)(-®) Deti7’p(R) 

Trp, (Hoi;, (i^ + A;f, B))^ exp{iScs{A^, B))DA^ 

X exp(-27rZA:(y, B{ao))) \ exp(z5cs(A^, B)){DAj 0 DB) (2.7) 


where denotes equality up to a multiplicative “constant”0 G, where I := ker(expn) C t, 
where DB and DAjr are the informal “Lebesgue measures” on the infinite-dimensional spaces 
B and and where we have set Leg := exp“^(rreg), T^eg being the set of “regular” element^ 
of T. Moreover, we have set for each B ^ B, A-^ G A'^ 


ScsiA^, B) := Scs{A^ + Bdt), (2.8) 

Hol;(A-^, B) := Hol;(A-^ -b Bdt) 

= „l^nj=i®^P(n[^'^fei(i))(4(0) + ^(fe(i)) ■ (2.9) 

where dt is the real-valued 1-form on M = S x 5^ obtained by pulling back the 1-form dt on 
5^ by means of the canonical projection vr^i : S x 5^ —>• 5^ and where Z 51 : [ 0 , 1 ] —>• 5^ and 
Zs : [0, 1 ] —)• S are the projected loops given by Z 51 := vr^i o Z and Zs := tts o Z. 

Finally, the expression Detpp(B) in Eq. (12.7p is the informal expression given by 


Detpp(B) := det(lt — exp(ad(i?))|f) (2-10) 

“constant” in the sense that C does not depend on L. By contrast, C may depend on G, E, and k. 

®i.e. the set of all t G T which are not contained in a different maximal torus T' 





where If — exp(ad(i?))|{ is the linear operator on given by 

(lt-exp(ad(-B))|f •/)((t) = (lt-exp(ad(-B((T)))|t)-/(a) Va G S, V/GC'°°(S,e) (2.11) 
where on the RHS If is the identity on 6. 

It will be convenient to generalize the definition of 1{ — exp(ad(i?))|f above. For every 
p G {0,1,2} we define (Ij — exp(ad(R))|{)(^’^ to be the linear operator on given by 

Ma G B) ; VcT G S : 'iX„ G : 

((if - exp(ad(R))|f)^^^ • q){X„) = (R - exp(ad(R(cr))|t) • a{X„) (2.12) 

Note that under the identification C'°°(S,B) = n°(S,6) the operator (If -exp(ad(R))|t)(°) coin¬ 
cides with what above we call If — exp(ad(R))|f. 

As in m we will now fix an auxiliary Riemannian metric gs on S. Let <C and 

■C be the scalar products on As and A"*- = C'°°(S^,As) induced by gs, and let 

■k : As —^ As be the corresponding Hodge star operator. By -k we will also denote the linear 
automorphism k : C°°(S^,As) —> given by (*A-*-)(t) = *(A-*-(t)) for all A-*- G A-*“ 

and t G We then have (cf. Eq. (2.48) in [19]) 

Scs{A-^, R) = vrA; < A-‘-,*(^ -|- ad(R))A-‘- >_ 4 X +27rA: <C kA-^,dB (2.13) 

for all R G B and A-*- G A"*-, and in particular, 

Scs{A-^,B) = 7rfc < A-^,*(^ + ad(R))A-^ »_4X (2-14) 

^(^^(A^, R) = 27rA: <C *A;j-, dR >_4X (2-15) 

for B ^ B, A-*- G A"*", and A;} G A^. 

2.4 Ribbon version of Eq. fl2.7ll 

Recall that our goal is to find a rigorous realization of Witten’s CS path integral expressions 
which reproduces the Reshetikhin-Turaev invariants (in the special situation described in the 
Introduction). Since the Reshetikhin-Turaev invariants are defined for ribbon links (or, equiva- 
lentljH, for framed links) we will now write down a ribbon analogue of Eq. (|2.7I) . 

A closed ribbon 7? in E x is a smooth embedding 7? : 5^ x [0,1] —)• E x A ribbon 
link in E X is a finite tuple of non-intersecting closed ribbons in in E x 5^. We will replace 
the link L = (Zi, / 2 , • • •, Im) by a ribbon link = {Ri,R 2 , ■ ■ ■, Rm) where each 72*, i < m, is 
chosen such that li{t) = 72j(t, 1/2) for all t £ S^. Instead of L^ibb we will simply write L in the 
following. Erom now on we will assume that do G E was chosen such that 

do ^ ljjmage(72s) 

where 72|. := vr^ o 72*. Eor every 72 G {72i, R 2 , ■ ■ ■, Rm} we define 

Ho1k(A) := ^li^ n"=i I Mluit))du) G G 

where lu, u G [0,1], is the knot lu '■= 72(-,n), considered as a loop [0,1] —>■ E x S^. Moreover, for 
A-*- G A-*- and 77 G R we set 

RoIr{A^,B) := Holi?(A^ + Bdt) 

^ ^ 3 J Q 

®From the knot theory point of view the framed link picture and the ribbon link picture are equivalent. 
However, the ribbon picture seems to be better suited for the study of the Chern-Simons path integral in the 
torus gauge 




where Igi := vrgi o and := tts o for each u G [0,1]. 

We now obtain the aforementioned ribbon analogue of Eq. (|2.7I1 by replacing the expression 
Hoh. {A-^ + Ajr,B) in Eq. (|2.7p with HoIr^ {A-^ + A-^, B): 


WLO(L) ~ ^ 


Ja^xb 


UA^ 


lc°°(S,Veg)(-®) Det(i?) 





X exp(-27rzA:(y,.B((To))) j exp{iScsiAc , B)){DA:^ ®DB) 

where, as a preparation for Sec. 12.51 we have set, for each B ^ B, 

Z{B) := I exp{iScs{A^,B))DA^, 

■= exp{iScs{A-^, B))DA^ 


and 

Det(5) := BetFp{B)Z{B) 


(2.17) 


(2.18) 

(2.19) 

( 2 . 20 ) 


2.5 Rewriting Det(R) 

Informally, we have for B G Breg ■= C°°{'Z,ij.eg) 

Z{B) ~ det(^ + ad(il)) ~ det((lt — exp(ad(i?))|t) (2-21) 

where ^ + ad(i?) : A'^ A'^ is the operator appearing in Eq. ()2.14p above, and where 

(If — exp(ad(i?))|{)^^) is the linear operator on = ll^(S,t) given by Eq. (I2.12p above with 
p = 1. Here step (*) is suggested by 

det(^ + ad(6)) ~ det((l{ — exp(ad(6))|{)) V6 G treg 

where ^ + ad(6) : C'°°(5^, 6) and where det(^ + ad(6)) is defined with the help of 

a standard (^-function regularization argument. 

Observe also that (if — exp(ad(H))|f)^°^ = o (if — exp(ad(H))|f)^^^ o * where (If — 
exp(ad(H))|f)(^) is the linear operator on n^(S,B) given by Eq. (12.121) above with p = 2 and 
where * : n*^(S,t) —)■ n^(S,t) is the Hodge star operator induced by gs. Thus we obtain, 
informally, 

det((lf — exp(ad(H))|f)^°^) = det((lf — exp(ad(il))|f)^^^) (2.22) 

Combining Eq. (I2.2n|) . Eq. (j2.2ip . and Eq. (j2.22p we obtain 

Det(H) = ](([^^^det((lt - exp(ad(H))|f)^^Y~^^''^^ (2-23) 

3 Simplicial realization WLO^*^'^(L) of WLO(L) 

3.1 Some polyhedral cell complexes 

Let P be a finite oriented polyhedral cell complex (cf. Appendix C in [19j). 

• We denote by dpiB), p G No, the set of p-faces of V. The elements of doiB) {diiB), 
respectively) will be called the “vertices” (“edges”, respectively) of V. 

















• For every fixed real vector space V we denote by C’^{V,V), p G No, the space of maps 
^p{'P) V (“^-valued p-cochains of P”). Instead of CP(P,R) we will often write Cp{P). 

• We identify ^p{P), p G No, with a subset of Cp{P) = CP{P,R) in the obvious way, i.e. 
each a G dp(P) is identified with 6a G C^(P,R) given by 6a(/3) = 6 a ,3 for all (5 G ^p{P)- 

• By dp, p G No, we will denote the coboundary operatoi0 CP{P, V) CP~^^{P, V). 

i) As a discrete analogue of the Lie group we will use the finite cyclic group Z^v, N € N. 

The number N will be kept fixed throughout the rest of this paper. We will identify Z^v with the 
subgroup | 1 < fe < N} of S^. The points of Z^v induce a polyhedral cell decomposition 

of S^. The (1-dimensional orientecH) polyhedral cell complex obtained in this way will also be 
denoted by Z^v in the following. 

ii) We hx a finite oriented smooth polyhedral cell decomposition C of S . By C' we will denote 
the “canonical dual” of the polyhedral cell decomposition C (cf. the end of Appendix C in |19]h 
again equipped with an orientation. By /C and K! we will denote the (oriented) polyhedral cell 
complexes associated to C and C, i.e. K, = (S,C) and K,' = (S,C'). Instead of /C and /C' we 
often write Ki and K 2 and we set K := (iFi, Ar 2 )- 

iii) We introduce a joint subdivision qfC of K, and JC' which is uniquely determined by the 
conditions 

doiqlC) = doibIC), 

diiqK.) = diibJC)\{e G diibJC) \ both endpoints of e lie in 5^o(^) U5o(^0}) 

b)C being the barycentric subdivision of 1C (cf. Sec. 4.4.3 in [19] for more details). We equip the 
faces of g/C with an orientation. For convenience we choose the orientation on the edges of qK, 
to be “compatible”!^ with the orientation on the edges of K, and K,'. 

iv) By /C X Zat and g/C x Zat we will denote the obvious product (polyhedral) cell complexes. 

3.2 The basic spaces 

a) The spaces B{qlC), A-£{qlC), and A-^{qlC) 

We first introduce the following simplicial analogues of the spaces B, As, and A'^ in Sec. 12.11 
above: 


B{qK) :=C'°(g/C,t) 

(3.1a) 

AsiqJC) :=C\q}C,Q) 

(3.1b) 

A‘*'(g/C) := Map(ZAr, As(g/C)) 

(3.1c) 


The scalar product (•, •) on g induces scalar products <C •, • 'P>B(qK.) <C •, • 

and As{qlC) in the standard way. We define a scalar product <C •,• ^A-'-{qK.) A'^{q}C) = 

Ma.p{ZN, AsiqlC)) by 

< ^ ^A^iqJC) (3-2) 

for all A^,A^ G A-^{q}C). 

^in the special case p = 0, which is the only case relevant for us, d-p : C°(F, V) —>■ C^{P, V) is given explicitly 
by df{e) = f{end(e)) — f{start{e)) for all / e C^{V, V) and e G UifF) where start{e), end{e) G SoiV) denote the 
starting/end point of the (oriented) edge e 

®we equip each edge of Zjv with the orientation induced by the orientation dt of 

®more precisely, for each e € we choose the orientation which is induced by orientation of the unique 

edge e' G 5i(/C) U 5i(/C') which contains e 




b) The subspaces B{}C), A-e{K), and A'^{K) 

For technical reasons (cf. Remark 13.II below) we will now introdnce suitable subspaces of B{qIC), 
A^{qJC), and A-^{qlC). It will be convenient to first define these three spaces in an “abstract” 
way and then to explain how they are embedded into the three aforementioned spaces. We set 


B{1C) := C°(/C,t) 

(3.3a) 

Aj,{K) ■.= C\Ki,q)®C\K2,q) 

(3.3b) 

A^{K) ■.= MapiZN, Aj^{K)) 

(3.3c) 


• We will identify Ay:{K) = {Ci{Ki) © Ci{K2)) ©r 0 with a linear subspace of AsiqK-) = 
(7i((7/C)©m0 by means of the linear injection V’©idg where if: : Ci{Ki)Q)Ci{K 2 ) —>■ Ci{q}C) is 
the linear injection given by tp{e) = ei+e 2 for all e € '$i{Ki)U^i{K 2 ) where ei, 62 G 

are the two edges of qlC “contained” in e. 

• Since A^{K) is now identified with a subspace of A^iqJC) the space A-^{K) can be con¬ 
sidered as a subspace of A-^{q}C) in the obvious way. 

• Finally, the space B{IC) will be identified with a subspace of B{qlC) via the linear injection 

4 ! : B{1C) —)■ B{qlC) which associates to each B G B{1C) the extension B G B{qlC) given by 
B{x) = meaUy^Sx ^iu) ^ ^ 'So{qI^)- Here “mean” refers to the arithmetic mean 

and Sx denotes the set of all y G which lie in the closure of the unique open cell of 

JC containing x. 

Remark 3.1 i) The reason for introducing the subspaces Ay,{K) and A^{K) is that these 
spaces allow us to obtain a nice simplicial analogue of the Hodge star operator, cf. Sec. 13.41 
below. 

ii) In order to motivate the introduction of the subspace H(/C) of B{qlC) we remark that 
ker( 7 r o dgic) 7 ^ Bc{qJC) where Bc{qlC) '■= {B G B{qlC) \ B constant} and where 

vr : Aj 2 {qiq ^ A^{K) (3.4) 

denotes the orthogonal projection. The advantage of working with the space H(/C) is that 

ker(( 7 r o dqK)\B{K.)) = B^qK,) (3.5) 

(Observe that Bc{qK4) C B{IC)). Eq. (13. 5 p will play an important role in Step 2 in the proof of 
Theorem 15.71 below. 

c) The spaces A-^{K) and A^{K) 

In order to obtain a simplicial analogue of the decomposition A-^ = A-^®A^ in Eq. (12.3p above 


we introduce the following spaces: 

A^,i{K) := C^(iFi,t) ©C^(iF 2 ,t) (3.6a) 

■=C^{KrA)®C\K2A) (3.6b) 

A^{K) := G A^{K) I A^t) G A,:,t{K)} (3.6c) 

{*) 

Aj:{K) := {A^ G A^{K) \ H-*-(-) is constant and .4.s,i(Rl)-valued} = .4.s,t(R") (3.6d) 

where in step (*) we made the obvious identification. Observe that we have 

A^{K) = A^{K)®A^{K). 


(3.7) 




Convention 3.2 In the following we will always consider A^{K) and their subspaces as 

Euclidean vector spaces in the “obvious’0 way. 

3.3 Discrete analogue of the operator ^ + ad(i?) in Eq. fl2.13p 

a) Discrete analogue(s) of the operator ^ + ad( 6 ) : —>■ 6 G t 

As a preparation for the next subsection, let us introduce, for fixed 6 G t, two simplicial analogues 
L^^\b) : Map(Z 7 v, 0 ) ^ Map(ZAr, 0 ) and L^^\b) : Map(Z 7 v, 0 ) ^ Map(ZAr, 0 ) of the continuum 
operator L{h) := ^ + ad( 6 ) : C'°°(S'^,g) —)• C'°°(S'^,g) by 

( 6 ) := - tq) (3.8) 

LW ( 6 ) ;= Nijo - T_ie- ) ( 3 . 9 ) 

where Tx-, for x G Zjv, denotes the translation operator Map(Zjv,g) —)• Map(Zjv,g) given by 
{Txf){t) = f{t + x) for all t G Z^r. I want to emphasize that L^^\b) and L^^\b) are indeed 
totally natural simplicial analogues of L{b), see Sec. 5 in [TU] for a detailed motivation. 

Remark 3.3 The operator L^^\b) : Map(Zv,g) —)• Map(ZAr,g) given by 

lW( 6 ) := f 

might at first look appear to be the natural candidate for a simplicial analogue of the continuum 
operator L{b). However, there are several problems with L^^\b). Firstly, the properties of 
L^^\b) depend on whether N is odd or even. Secondly, when N is odd then L^^\b) seems 
to have the “wrong” determinant. Most probably, part ii) of Remark 13.41 below will no longer 
be true if we redefine the operator given in Eq. (|3.11l) below using L^^^(b) instead of 

L^^\b) and L^^\b). On the other hand, if N is even then L^^\b) has the “wrong’Rj kernel. 

b) Discrete analogue of the operator ^ + ad(i?) : > A'^ 

For every fixed B G B{qlC) we first introduce the linear operators 

U^\B) on Map(ZAr,C'^(Ari,g)) = ©eG 5 i(Ki) Map(ZAr, g), and 
U^\B) on Map(ZAr,C'^(Ar 2 ,g)) = ©eeSifKa) ^ap(ZAr, g) 
which are given by 

m{B) - (3.10a) 

lW(R)) - ©,g 5 ^(^^)L(^)(R(e)) (3.10b) 

where e G ^o{qJC) for e G di{Ki) U 5 i(A' 2 ) is the barycenter of e. 

As the simplicial analogue of the the operator ^ + ad(R) : A'^ —)■ A'^ we now take the 
operator L^^'){B) : A'^{K) —>■ A'^{K) which, under the identification 

M^(i^) ^Map(Zjv,Ci(i^i,g))©Map(Zjv,CHi^ 2 , 0 )), 

^°More precisely, we will assume that the space B{IC) (or any subspace of B{IC)) is equipped with the (restriction 
of the) scalar product -C • ^B{qK) on B{qlC), and the space A^(h') (or any subspace of A^{K)) is equipped 
with the restriction of the scalar product -C •, • introduced in Sec. 13.21 above 

^^For example, if b G U-eg then we have ker(I/( 6 )) = {/ G C°°(S'^, 0 ) | / constant and t-valued}. Similarly, we 
have ker(L^^^(b)) = ker(L*'^^(b)) = {/ G Map(Zjv, 0 ) | / constant and t-valued}. By contrast, ker(L^^^( 6 )) is 
strictly larger than {/ G Map(Zjv, 0 ) | / constant and t-valued}. 







is given by (cf. Remark 13.41 below for the motivation) 




0 ^ 

U^\b)) 


(3.11) 


Note that L^^\B) leaves the subspace ^^{K) of ^^{K) invariant. The restriction of 
L^^\B) to A^{K) will also be denoted by L^^\B) in the following. 


3.4 Definition of A-*-, S) 

Recall that JC = Ki and K,' = K 2 are dual to each other. As in [T] we can therefore introduce sim- 
plicial Hodge star operators -kxi ■ —)• C'^(ii "2 5 ]K) and *^2 • C^{K 2 ,M.) —)■ C^(A'i,M). 

These are the linear isomorphisms given by 


*Kj e = VeG5i(-Rj) (3-12) 

for j = 1, 2 where e € 5 ^i(A' 3 _j) is the edge dual to e. The sign ± above is “+” if the orientation 
of e is the one induced by the orientation of e and the orientation of S, and it is ” otherwise. 
The two simplicial Hodge star operators above induce “g-valued versions” : C'^(A'i,g) —)• 
C^(IC 2 ,g) and ■ C'^(^ 2 ,g) —^ <^^(^ 11 , 0 ) in the obvious way. 

Let ★x be the linear automorphism of Ae(B^) = 0 C^(K 2 ,g) which is given by 


*K := 



*K2 

0 


By we will also denote the linear automorphism of A~^(IC) given by 


= *K(^~‘~(t)) VA-*- € A~‘~(K),t G Zjv 


(3.13) 


(3.14) 


As the simplicial analogues of the continuum expression 5 'c 5 (A-*-, B) in Eq. (I2.13P above we 
use the expression 


^csAA^,B) 


Trk 


(qK) +2 *kA-^, dqlcB S>ylX(q/C) 


(3.15a) 


for B G B{qlC), A-*- G A-^{K) C A-^{q}C). Observe that this implies 

SSIAA^,B) = TTk « A^,*^lW(H)A^ (3.15b) 

B) = 2-Kk < A^, dqicB ^A^iqK) (3.15c) 

for B G B{q}C), A^ G A^{K), A^ G A^(K). 

Remark 3.4 i) The operator -k^L^^^B) : A'^{K) —> A'^{K) is symmetric w.r.t to the scalar 
product -C •, • ^A^{qlC)y cb Proposition 5.3 in [19]. This would not be the case if on the RHS 
of Eq. (|3.11l) we had used L^^\B) twice (or L^^\B) twice). 

ii) According to Proposition 5.1 in [20| we have det(*xT^^H-®)|A^(K)) A 0 foi' 

B G BregiqK.) := {B G B{qlC) I B{x) G ireg for all X G (?o(9^)} (3.16) 

where is the restriction of -k^L^^^B) to the invariant subspace A'^{K) of 

A^{K). 








3.5 Definition of B) 

a) Preparation: The simplicial loop case 

A “simplicial curve” in a finite oriented polyhedral cell complex P is a finite sequence c = 
{x n G N, of vertices in V such that for every 1 < A; < n the two vertices and 

either coincide or are the two endpoints of an edge e G We will call n the “length” 

of the simplicial curve c. If we will call c = (x*'^^)o<fc<n a “simplicial loop” in V. 

Every simplicial curve c = {x^^^)o<k<n induces a sequence of “generalized edges”, 

i.e. elements of ^i{V) U {0} U (— 5^1 (P)) C C'i(P) in a natural way. More precisely, we have 
e(^) = 0 if = x^^') and = ±e if ^ where e G ^liV) is the unique edge 

connecting the vertices and x^^^ and where the sign ± is + if is the starting point 

of e and — if it is the endpoint. 

Convention 3.5 For a given simplicial loop I = (x^^))o<fc<n we will usually write instead 
of and instead of e^^^ (for 1 < k < n) where (e^^^)i<fc<n is the eorresponding sequenee 

of generalized edges. 

Let I = {x^^'^)o<k<n, n G N, be a simplicial loop in qK, x Zjv and let Iqic and Iz^ be the 
“projected” simplicial loops in qK. and Zjv. Instead of Iqx, and Izj^ we will usually write Zs and 
Z 51 . (Recall that S and are the topological spaces underlying qK and Zat.) 

For A-*- G A'^{K) C A'^{qK) and B G B{qK) we now define the following simplicial analogue 
of the expression Hol;(A-’-,R) in Eq. (12.91) (cf. Convention 13.5p : 

Holf-(A^,R) := + ^(*4"^) • dt^^\lf)^ (3.17) 

with dt^^"> G C^(Zjv,K) given by dt^^\e) = jj for all e G 3^i(ZAr) and where we made the 
identihcation (^^(Zv,!^) = Hom]R(C'i(Zjv),K) and Aj^iqK) = C^{qK,Q) = Hom]R(Ci(g/C),g). 

b) The simplicial ribbon case 

A “closed simplicial ribbon” in a finite oriented polyhedral cell complex R is a finite sequence 
R = {Fi)i<n of 2-faces of V such that every E) is a tetragon and such that Ej n Ej = 0 unless 
Z = j or j = i ± 1 (mod n). In the latter case Ej and Fj intersect in a (full) edge (cf. Remark 
4.3 in Sec. 4.3 in |19] and the paragraph before Remark 4.3 in |19]i. 

From now on we will consider only the special case where E = /C x Zv- Observe that if 
R = {Fk)k<n, h G N, is a closed simplicial ribbon in /C x Zv then either all the edges G-ij ■— EjinEj, 
j = Z ± 1 (mod h), are parallel to S or they are all parallel to . In the first case we will call 
R “regular”. 

In the following let R = {Fk)k<n, re G N, be a fixed regular closed simplicial ribbon in /C x Z^. 
Observe that R induces three simplicial loops V = {xP^^)o<k<n, j = 0,1,2, (witlS re < 2re) 
in qK X Zv in a natural way, Z^ and Z^ being the two boundary loops of R and Z® being the 
loop “inside” R. [Here we consider E as a subset of S x in the obvious way. Note that the 
vertices {x^^^^)o<k<n, j = 0,1, 2, appearing above are just the elements of En5o(<?^ x ^ 7 v)- The 
“starting” points x-^®, j = 0,1,2, of the three simplicial loops B = {x^^^^)o<k<n are the three 
elements of e fl ^o{qK x Zjv) where e G jJi(/C x Zjv) is the edge e = em = Ei n Fn.] 

By Ij. and Z^^, j = 0,1,2, we will denote the corresponding “projected” simplicial loops in 
qK and Z^. 

^^The common length n of the three loops is given by n = 2n-s + ngi where ns (and nsi, respectively) is the 
number of those faces appearing in E = {Fk)k<n, which are parallel to E (or are parallel to respectively). 
Observe that since h = ns + ngi we have n < n < 2h. 



Let A-^ G A'^{K) C A'^{q]C) and B G B{qJC). As the simplicial analogue of the continuum 
expression Holi{(A-’-, B) in Eq. (12.161) we will take 

(3.18) 

where we use again Convention 13.51 and where we have introduced three weight factors 

r(;(0) = 1/2, u;(l) = 1/4, u;(2) = 1/4 

Remark 3.6 Other natural choices would be 

(u;(0), u;(l), u;(2)) = (1/3,1/3,1/3) or (u;(0), u;(l), u;(2)) = (0,1/2,1/2) 

However, these two choices would not even lead to the correct values for WLO(?-g'^(L) in the 
special situation of Sec. O 

3.6 Definition of Det*^'^(i?) 

Let us first try the following ansatz for the discrete analogue Det'^*^'^(R) of the heuristic expres¬ 
sion Det(il) given by Eq. (I2.23|) above. For every B G Breg{q^) we set 

Det*^''(R) := 11^=0 “ exp(ad(R))|t)^^^)^ (3.19) 

where (l{ — exp(ad(R))|{)^^^ ; C^(/C,t) —>■ C^{}CA) is the linear operator given by 

((lt-exp(ad(R))|t)(^)(a))(A) = (if - exp(ad(R(ax)))|0 ' «(^) Va G C'?’(/C, t), A G (?p(/C) 

(3.20) 

where ax S 5o(<?^) is the barycenter of X. Observe that we can rewrite Eq. (j3.19p in the 
following way: 

Det‘““{B) = n(=„(nf,5,|K)<*'=‘((l.-<!xp(ad(B{r))|,)‘-'"y " (3.21) 

where F is the barycenter of F. 

It turns out however, that this ansatz would not lead to the correct values for WLO((“^(L) 
defined below. This is why we will modify our original ansatz. In order to do so we first choose 
a smooth function det^'^^(l{ — exp(ad(-))|f) : t —^ M with the property V6 G t : (det^'^^(lf — 
exp(ad(6))|f))^ = det(lt — exp(ad(6))|f). Observe that every such function will necessarily take 
both positive and negative values. Motivated by the formula 

det(l{ - exp(ad(6))|() = (4sin2(7r(a, 6))) 

(with IZ and A+ as in Sec. 15.21 below! we will make the choice 

det^/2 (if - exp(ad(6))|t) = sin(7r(a, b))) (3.22) 

and then redefine Det'^*^^(R) for B G Breg{qK) by 

Det"“'^(R) :=n^^^(nf^j^(^)det'^'(l*-"^P(^d(R(F))|f))y ^ (3.23) 

Remark 3.7 In the published versions of [laiio] there is a notational inaccuracy. When we 
write det(lf — exp(ad(6))|f)^'^^ in [T9l[2^ we actually mean det^'^^(lt — exp(ad(6))|f) given as in 
Eq. (I3.22|) above. 










3.7 Discrete version of lc°°(s,tre 9 )(^) 

Let us fix a s > 0 which is sufficiently smalls and choose £ C°°(t, M) such that 

• 0 < < 1 
— ^reg — 

• = 0 on a neighborhood of iging ■= t\treg 

(s) 

• = 1 outside the s-neighborhood of ising 

• is invariant under the operation of the affine Weyl group Wag on t (cf. Sec. 15.21 
below). 


^lSB{x)) (3.24) 

as the discrete analogue of 1(^00 (s,Peg)(.B). 

3.8 Oscillatory Gauss-type measures 

i) An “oscillatory Gauss-type measure” on Euclidean vector space (E, (•, •)) is a complex Borel 
measure dp on V of the form 

dp(x) = (3.25) 

with Z G C\{0}, m G y, and where 5 is a symmetric endomorphism of V and dx the normal¬ 

ize <E Lebesgue measure on V. Note that Z, m and S are uniquely determined by dp. We will 
often use the notation and in order to refer to m and S. 

• We call dp “centered” iff = 0. 

• We call dp “degenerate” iff is not invertible 

ii) Let dp be an oscillatory Gauss-type measure on a Euclidean vector space (E, (•^). A 
(Borel) measurable function / : E —>■ C will be called improperly integrable w.r.t. dp ifo 

J fdf^-=J /(x)dp(x) := lim(f )’"/2 y/(x)e""l"'l"dp(x) (3.26) 

exists. Here we have set n := dim(ker(S'^)). Note that if dp is non-degenerate we have n = 0 so 
the factor is then trivial. 

• We call dp “normalized” iff Idp = 1 . 

s needs to be smaller than the distance between the two sets tsing and Peg H where k is as in Sec. [2] and 
A C t is the weight lattice, cf. Sec. 15.21 below 
^“^i.e. nnit hyper-cubes have volnme 1 w.r.t. dx 

^^Observe that j g-'^IPII In particnlar, the factor in Eq. (13.261) above ensures that 

also for degenerate oscillatory Gauss-type measure the improper integrals 1 d/r exists 


For hxed B £ B{qlC) we will now take the expression 


rr {B{x)) := TT 

treg ^ ii 


xeSo(g/C) 


] 





3.9 Simplicial versions of the two Gauss-type measures in Eq. (I2.17j) 

i) As the simplicial analogue of the heuristic complex measure djl^ = exp(i5cs(A-*-, B))DA-^ 
in Eq. (|2.17l) we will take the (rigorous) complex measure 

exp(iSf?(A-^, B))DA^ (3.27) 

on ^^{K) where DA^ denotes the (normalized) Lebesgue measure on A^{K) and where we 
have set := J^exp{iS^g^{A-^, B))DA-^ . Observe that is not well-defined 

for all B. However, if H e Breg{<l^)-, which is the only case relevant for us (cf. Sec. 13.71 above!. 
Eq. p.l5l) and Remark 13.41 above imply that the complex measure in Eq. (I3.27P is indeed a 
well-defined, non-degenerate, centered, normalized oscillatory Gauss type measure on A^{K). 

ii) As the simplicial analogue of the heuristic complex measure exp{iScs{-^c ■iB)){DAjr (g) DB) 
in Eq. (I2.17P we will take the (rigorous) complex measure on A-^{K) 0 H(/C) 

exp(i5^|'=(A^, B)){DA^ 0 DB) (3.28) 

where DAjr denotes the (normalized) Lebesgue measure on Ajr{K) and DB the (normalized) 
Lebesgue measure on B{IC). 

According to Eq. (|3.15p above, the (rigorous) complex measure in Eq. (|3.28p is a centered 
oscillatory Gauss type measure on A^{K) (BB{IC). 


3.10 Defiuitiou of WLO^J"(L) aud WLO'^%^^{L) 

A finite tuple L = (Ri, R 2 ,..., Rm), m € N, of closed simplicial ribbons in /C x which 
do not intersect each other will be called a “simplicial ribbon link” in JC x Z^r. Eor every 
such simplicial ribbon link L = {Ri,R2, ..., Rm) in /C x Z^r equipped with a tuple of “colors” 
{pi,P2,... ,Pm), m € N, we now introduce the following simplicial analogue WLO^J®‘^(L) of the 
heuristic expression WLO(L) in Eq. (12.171) : 


WLOS“{L) / (H lit («(*))) 


<' 2 / 6 / 
X 


/ riHi (Holfr(i^ + 71^, 

J 


^disc / 


X exp(— 27 ri/c(y, R(cro))) exp(i5^*|'^(A^, H))(L)A^ ® DB) (3.29) 


where uo is an arbitrary fixed point of do{qJC) which does not lie in U 2 <m Image(7rs o i?j). Here 
we consider each Ri as a continuous map [0,1] x 5^ —)• S x 5^ in the obvious way (cf. Remark 
4.3 in Sec. 4.3 in [TO]L 


Apart from considering the simplicial analogue WLO)?J®‘^(L) of the heuristic expression WLO(L) 
in Eq. (j2.17p it will also be convenient to introduce a simplicial analogue of the normalized 
heuristic expression 


WLO„(L) := 


WLO(L) 

WLO(0) 


where 0 is the “empty link” in M = S x Accordingly, we will now define 


WLO 


disc 

norm 


{L) : = 


WLO^,y(L) 

WLO^g"( 0 ) 


(3.30) 


where L is the colored simplicial ribbon link fixed above and where WLO*^^(0) is defined in 
the obvious way, i.e. by the expression we get from the RHS of Eq. (I3.29P after replacing the 
product UT=i (Holfr(i^ + B)) by 1. 




























We conclude this section with four important remarks. In Remark 13.81 we compare the 
main aims & results of the present paper with those in [muo]. In Remark 13.91 we make some 
comments regarding the case of general ribbon links L. In Remark 13.101 we describe how the 
main result of the present paper fits into the bigger picture of the “simplicial program” for 
Chern-Simons theory (cf. also “Goal 1” of the Introduction). Finally, Remark 13.111 we clarify 
some points related to “Goal 2” of the Introduction. 

Remark 3.8 In [191120] a simplicial analogue of WLOnorm(^) which is closely related to the 
simplicial analogue WLO*o,f^(L) above was evaluated explicitly for a simple type of simpli¬ 
cial ribbon links R^cf. Theorem 6.4 in |19] . An analogous result can be obtained for our 
abovqlj. More precisely, it can be shown that for every simplicial ribbon link 
L = (i?i, ii 2 ) • • •) Rm) in /C X which fulfills an analogue of Gonditions (NGP)’ and (NH)’ in 
m we have = |T|/|0| where | • | is the shadow invariant on M = S x 5^ associated 

to 0 and k as above. This result is interesting because it shows how major “building blocks” of 
the shadow invariant arise within the torus gauge approach to the GS path integral. However, 
from a knot theoretic point of view the class of simplicial ribbon links L fulfilling (the analogue 
of) Condition (NGP)’ in [19] is not very interesting. In particular, this class of (simplicial ribbon) 
links does not include any non-trivial knots. 

One of the main aims of the present paper is to show that the torus gauge approach to the 
CS path integral also allows the treatment of non-trivial knots, namely a large class of torus 
(ribbon) knots in S'^ x cf. Definition 15.41 and Theorem 15.71 in Sec. [5] below. 

Remark 3.9 The simplicial ribbon knots/links L = {Ri, R 2 , ■ ■ ■, Rm), m G N, mentioned in 
Remark 13.81 above have the special property that the projected ribbons vrsoRj, i < m, in S have 
either no (self-)intersections (= the situation in [19[ 120]) or only “longitudinal” self-intersections 
(= the situation in Definition 15.41 Theorem 15.71 and Theorem 15.81 belowl. As explained in Sec. 
6 in [ 20 ], if we want to have a chance of obtaining the correct values for the rigorous version 
of WLOnorm{L) for general simplicial ribbon links L = {Ri, R 2 , ■ ■ ■, Rm) (where the projected 
ribbons ir-^oRi, i < m, are allowed to have “transversal” intersections) we will probably have to 
modify our approach in a suitable way. One way to do so is to make what in Sec. 7 in [ 20 ] was 
called the “transition to the RT-theory setting”. Alternatively, one can use a “mixed” approach 
where some of the simplicial spaces are embedded naturally into suitable continuum spaceJ^. 
cf. [21]. This leads to a greater flexibility and allows us, for example, to work with (continuum) 
Hodge star operators and continuum ribbons instead of the simplicial Hodge star operators and 
simplicial ribbons mentioned above. 

Remark 3.10 The longterm goal of what in Sec. [1] was called the “simplicial program” 
for Chern-Simons theory (cf. Sec. 3 in [19] and see also [31]) is to find for every oriented 
closed 3-manifold M and every colored (ribbon) link L in M a rigorous simplicial realization 
WLO'^*®‘^(L) of the original or gauge-fixed CS path integral for the WLOs associated to L such 
that WLO'^*^^(L) coincides with the corresponding Reshetikhin-Turaev invariant RT{M,L). 

In the present paper we are much less ambitious. Firstly, we only consider the special case 
M = T, X (and from Sec. [5] on we restrict ourselves to the case S = S^) and secondly, we 
only deal with a restricted class of simplicial ribbon links L (cf. Theorem 15.71 and Theorem 15.81 
below). 


^®or rather for WL0^1f™(I/) after making the modihcation (M2) described in Sec. l3.11l below 
i^'For example, we can exploit the embeddings C^{K.,V) ^ CP{blC,V) for p = 0,1,2 and 

V £ { 0 , 1 } 1 where W is the Whitney map of the simplicial complex bIC and is the complement of the 1- 
skeleton of bJC in E. Observe that blC induces in a natural way a Riemannian metric on E^^\ which gives rise to 
a Hodge star operator * : ,V) 









Remark 3.11 In view of “Goal 2” in Comment [T] of the Introduction note that 
can be interpreted as a (convenient) “lattice regularization” of the heuristic continuum expres¬ 
sions W\jOnorm{L) above. Usually, when one works with a lattice regularization in Quantum 
Gauge Field Theory one has to perform a suitable continuum limit. We can do this here as 
welUj. So, instead of working with a fixed K, and with fixed € N let us now consider a 
sequence (/C(”))neN of consecutive refinements of K, and (Z^(n))„gi^ where ■= n ■ N. By 
doing so we can approximate every “horizontaf’E^ ribbon link L in M = S x by a suitable 
sequence of simplicial ribbon links in x Zjy(„). 

Let us now restrict our attention to horizontal ribbon links L in M = S x which are 
analogous to the simplicial ribbon links appearing in Theorem 15.71 and Theorem 15.81 below and 
let be a suitable approximating sequence as above. Then we obtain, informall}@, 

WLO„(L) = hm (3.31) 

n^oo 

where is defined in an analogous way as WLO(((f,f^(L) above (with playing 

the role of K, and Z^(„) playing the role of Z^r). 

But from (the proof of) Theorem 15.71 and Theorem 15.81 it follows that does 

not depend on n (provided that JC was chosen fine enough and N large enough). Accordingly, 
the n —)■ oo-limit in Eq. (j3.3ip is trivial and we simply obtain 

WLO„(L) = 

So in order to evaluate the heuristic expression WLOnorm{L) (for the special type of continuum 
ribbon links L we are considering here) it is enough to compute WLO*o^')„(L(^)). And this is 
exactly what is done in Theorem 15.71 and Theorem 15.81 (with replaced by /C). 

3.11 Modification of the definition of WLO)?“'^(L) and WLO^“')„(L) 

As we will see later the dehnition of WLO*g'^(L) and of WLO*o,,')„(L) above neeci^to be modified 
slightly if we want to obtain the correct values for 'WLO'^^^{L). Without such a modification 
a “wrong” factor will appear at the end of the computations in Step 4 in Sec. 15.41 

below. Here are two modifications of the current approach for each of which this extra factor 
does not appear and one indeed obtains the correct values for 'WLO'^^^{L): 

(Ml) Instead of working with closed simplicial ribbons in /C x Zjv we could work with closed 
simplicial ribbons in qK, x Z^y. In fact, this is exactly what was done in [ia[2o] in the 
situation studied there. The disadvantage of this kind of modification is that the space 
BQOj above needs to be replaced by a less natural space. Moreover, the proof of the 
analogue of Lemma l5.13l in Sec. 15.41 will become unnaturally complicated. 

(M2) We regularize the RHS of Eq. (I3.29P in a suitable way. In order to do so we first choose 
a fixed vector u G t which is not orthogonal to any of the roots a & IZ. Then we define 

There is, however, a major difference compared to the standard situation in QFT where the continuum 
limit is usually independent of the lattice regularization. In the case of the Chern-Simons path integral (in the 
torus gauge) the value of the continuum limit will depend on the lattice regularization. In particular, only a 
distinguished subclass of lattice regularizations will lead to the correct result, cf. m for an interpretation of this 
phenomenon 

^®i.e. a ribbon link in M = E x 5^ which, when considered as a framed link instead of a ribbon link, is 
“horizontally framed” in the sense that the framing vector field is “parallel” to the E-component oi M = T, x 
^°and under the assumption that the simplicial framework we use in Sec. [3] indeed belongs to the “distinguished 
subclass” of lattice regularizations mentioned in Footnote 1 181 above 

^^I consider this to be a purely technical issue which can probably be resolved by using an alternative way for 
making rigorous sense of the RHS of Eq. (12.1711 . cf. Remark 13.121 below 













^displace e SiqJC) by 


B. 


displace 


(x) = 


if X e 5'o(^) 

if x e do{qlC)\^o{K^) 


and set, for each j3 > 0 and each B G B{IC) C jB(q/C), 

B(I3) = B + fiBdisplace 


After that we replace B by B{f3) in each of the three terms Hx ('^(^))) ’ h)et'^®^'^(i?), 

and appearing on the RHS of Eq. ()3.29p . Finally, we lel^l s ^ 0 and later 

f3 ^ 0. More precisely, we add lim^g^^o hms\o ■ ■ ■ in front of the (modified) RHS of Eq. 
(|3.29p . (WLO^)))f^(L) is again defined by Eq. (l3.3Up .i 

During the proof of Theorem 15.71 below, which will be given in Sec. Ol below we will first 
work with the original definition of WLO*g'^(L) in Sec. 13.101 until the end of “Step 4”. This 
is instructive because we see how the factor lt^gg(R(Zo)) arises. After that we switch to the 
modified definition of WLO*g'^(L) (using either of the two options (Ml) and (M2) above) and 
complete the proof. 

Remark 3.12 The simplicial approach described above for obtaining a rigorous realization of 
WLO(L) is simple and fairly natural and it will be sufficient for the goals of the present paper, 
cf. “Goal 1” and “Goal 2” in Comment [1] in the Introduction. 

That said I want to emphasize that even though the approach above is probably one of the 
simplest ways for making rigorous sense of the RHS of Eq. (|2.17l) (for the special simplicial 
ribbon links we are interested in in the present paper) I do not claim that it is the best way 
of obtaining such a rigorous realization. It is likely that several improvements are possible and 
that, in particular, there is an alternative to modification (Ml) or modification (M2) which is 
more natural. 

4 Some useful results on oscillatory Gauss-type measures 

In the present section we will review (without proof and in a slightly modified form) some of 
the basic definitions and results in m on oscillatory Gauss-type measures. 

In the following let (E, (•,•)) be a Euclidean vector space and an oscillatory Gauss-type 
measure on (E, (•, •)), cf. Sec. 13.81 above. 

Proposition 4.1 If is normalized and non-degenerate then we have for all v,w a V 

/ {v,x) dfi{x) = {v,m), / {v,x){w,x) d^{x) = j{v, S~^w) -\- {v,m){w,m) (4:.l) 


where m = and S = S^. 

Definition 4.2 By 'Pexp(E) we denote the subalgebra o/Map(E, C) which is generated by the 
polynomial functions / : E —)■ C and all functions f : V ^ C of the form f = 9 o exp^jj^j^^") 
n G N, where 0 : End(C”') C is linear, : E —)■ End(C") is affine, and expEj^^^^™) : 
End(C"') —)■ End(C”') is the exponential map of the (normed) "^-algebra End(C"'). 

Proposition 4.3 For every f G 'Pexp(E) the improper integral f djx € C exists. 


^without letting s ^ 0 first, the P ^ Q limit has no effect 













Proposition 4.4 If dfj, is normalized and non-degenerate and if {Yk)k<n, n^'H, is a sequence 
of affine maps P ^ M such that 


YiYjdfi = 


{[ Yidfi){[ Y^dp) yij 


< n 


(4.2) 


then we have for every € Vexpf^'^) 

[ mYk)k)d^l = ^{{^ Ykdfi)^) 

J J 


(4.3) 


A totally analogous statement holds in the situation where instead of the sequence iYk)k<n, 
n G N, we have a family {Yjf)k<n,a<d of affine maps fulfilling the obvious analogue of Eq. (14.2p 
and where G Vexp^W^^’^)- 


Definition 4.5 Let f V —)■ C be a continuous function, let d := dim(P), and let dx be the 
normalized Lebesgue measure on V. We set 


r/(^)dx:=^lime'^/2 [ e-^\^\" f{x)dx 
Jv "^0 Jy 


(4.4) 


IV JV 

whenever the expression on the RHS of the previous equation is well-defined. 


Remark 4.6 Let L be a lattice in V and / : P —)• C a L-periodic continuous function. Then 
fy f{x)dx exists and we have 


[ f{x)dx = ^ [ f{x)dx (4.5) 

Jy V0l{Q) Jq 

with Q := XiCi | 0 < x, < IVi < d} where {ei)i<d is an arbitrary basis of the lattice L and 
where vol{Q) denotes the volume of Q. Clearly, Eq. (14.51) implies 

Vy G E : / f{x)dx = / f{x + y)dx (4.6) 

Jv Jv 

Proposition 4.7 Assume that V = Vq © Pi © V 2 where Vq, Vi, V 2 are pairwise orthogonal 
subspaces of V. (We will denote the Vj-component of x & V by Xj in the following.) Assume 
also that dp, is a (centered) normalized oscillatory Gauss-type measure on (P, (•,•)) of the form 
dp{x) = ^ ex.p{i{x 2 , Mxi)dx for some linear isomorphism M :Vi ^ ¥ 2 - Then, for every u G P 2 
and every bounded uniformly continuous function F : Pq © Pi ^ C the LHS of the following 
equation exists iff the RHS exists and in this case we have 

I F{xo-\-xi)ex.p{i{x 2 ,v))dp{x) = j F{xo - M~^v)dxo, (4.7) 

J J Vq 

where dxo is the normalized Lebesgue measure on Vq. 

5 Evaluation of WLO^*^^(L) for torus ribbon knots L in x 

From now on we will only consider the special case S = 5^. 



5.1 A certain class of torus (ribbon) knots in x 

Recall that a torus knot in is a knot which is contained in an unknotted torus T c 53 . 
Motivated by this definition we will now introduce an analogous notion for knots in the manifold 
M = S^ X S\ 


Definition 5.1 A torus knot in S'^ x 5^ of standard type is a knot in S'^ x which is contained 
in a torus T in S'^ X fulfilling the following eondition 

(T) T is of the form T = ifiTo) with To := Cq x where Cq is an embedded cirele in 5^ and 
if : X ^ S'^ X is a diffeomorphism. 

Remark 5.2 Note that every unknotted torus T in can be obtained from a torus T in 
5^ X fulfilling condition (T) by performing a suitable Dehn surgery on a separate knot in 
S'^ X S^. Consequently, every torus knot K in can be obtained from a torus knot K in S'^ x 
of standard type by performing such a Dehn surgery. Moreover, even if we restrict ourselves to 
the special situation where K lies in To = Cq x 5^ for Cq as above we can still obtain all torus 
knots in up to equivalence by performing a suitable Dehn surgery. We will exploit this fact 
in Sec. 16.21 below. 

Let us now go back to the simplicial setting introduced in Sec. [3l Recall that in Sec. [3] we 
fixed two polyhedral cell complexes K, and and considered also their product /C x Zjv- The 
topological space underlying K, x Z]\[ is S x 5^ = S‘^ xS^. We want to find a “simplicial analogue” 
of Definition 15.11 above. In view of Remark 15.21 we will work with the following definition: 

Definition 5.3 Let I he a simplieial loop in IC x Zjsf (which we will eonsider as a eontinuous 
map 5^ —)• 5^ X in the obvious way). We say that I is a simplieial torus knot of standard 
type iff 1: ^ S'^ X is an embedding and also the following eondition is fulfilled: 

(TK) Image(^) is contained in To := Cq x where Co is some embedded cirele in 5^ whieh 
lies on the 1-skeleton of 1C. 

By p{l) and q(Z) we will denote the winding numbers of iTi o 1: ^ S^, i = 1,2, where tti and 

7^2 are the two canonieal projeetions To = Co x x ^ where for the identification 

Co = we picked an orientation on Cq. (Observe that p(Z) and q(Z) will always be coprime.) 

Definition 5.4 Let R be a elosed simplieial ribbon in IC x Zjsf (whieh we will consider as a 
continuous map x [0,1] —)■ 5^ x in the obvious way). We say that R is a simplicial torus 
ribbon knot of standard type iff it is regular (ef. See. IT.,51 ahove) and also the following eondition 
is fulfilled: 

(TRK) Each of the two simplicial loops li and I 2 on the boundary of R fulfills condition (TK) 
above. 

The two integers p := p(Zi) = p(Z 2 ) and q := q(Zi) = q(Z 2 ) “will be called the winding numbers 
ofR. 

Definition 5.5 Let R = {Fi)i<n be a elosed simplicial ribbon in 1C x Z^r. We say that R is 
vertical iff R is regular and moreover, every 2-face Fi G ^2{1C x Z]\f) is “parallel” to . In this 
case the three simplicial loops P (j = 0,1,2) in qlC x Zjv, associated to R (ef. Sec. I,T,5I above) 
will be “parallel” to S^ as well. More precisely, for each P the image of the projected simplieial 
loop Ij. in qlC will simply consist of a single point € ^o{qlC). 

Observe that every vertical closed simplicial ribbon is a simplicial torus ribbon knot of stan¬ 
dard type with p = 0 and q = ±l. //q = l we say that R has standard orientation. 


5.2 Some notation 


Recall that in Sec. [21 above we have fixed a scalar product (•, •) on t. Using this scalar product 
we will now make the obvious identification t = t*. 

• IZ <Z i* will denote the set of real roots associated to ( 0 ,t) 

• TZ denotes the set of real coroots, i.e. TZ := {a \ a & TZ} C t where a := 

• Act* denotes the real weight lattice associated to ( 0 ,t). 

• ret will denote the lattice generated by the set of real coroots. 

• A Weyl alcove is a connected component of the set 

ireg = exp-i(T^eg) = A where ■= a-^{k). 

• W will denote the Weyl group associated to ( 0 ,t) 

• WaflF will denote the affine Weyl group associated to ( 0 ,t), i.e. the group of isometries of 
t = t* generated by the orthogonal reflections on the hyperplanes Ha^k, a £ 7Z, k € 7,, 
defined above. Equivalently, one can dehne Wafr as the group of isometries of t = t* 
generated by W and the translations associated to the coroot lattice E. For r € Wafr we 
will denote the sign of r by (— 1 )’^- 

Recall that in Sec. [2] above we fixed k Let us now also fix a Weyl chamber C. 

• TZ+ denotes the set of positive (real) roots associated to ( 0 , t) and C. 

• A+ denotes the set of dominant (real) weights associated to ( 0 , t) and C. 

• p denotes the half-sum of the positive (real) roots 

• 9 denotes the unique long (real) root in C. 

• We set Cg := 1 -|- (0, p) (cg is the dual Coxeter number of 0 ) 

• For A € A_|_ let A* € A_|_ denote the weight conjugated to A and A € A_|_ the weight 
conjugated to A “after applying a shift by p”. More precisely, A is given by A-|-p = (A-|-p)*. 

• We set A^ := {A G A+ | (A -|- p, 0) < A;} = {A € A_|_ \ {X,9) < k — Cg}. 

Remark 5.6 In Sec. mi mentioned that for a given oriented closed 3-manifold M the Reshetikhin- 
Turaev invariants associated to (M, 0 c, q) are widely believed to be equivalent to Witten’s heuris¬ 
tic path integral expressions based on the Chern-Simons action function associated to (M, G, k) 
where G is the simply connected, compact Lie group corresponding to the compact real form 
0 of 0 c and k £ N is chosen suitably. It it commonly believed that this relationship between q 
and k is given by 

g = /cGN 

The appearance of A: -|- Cg instead of k (i.e. the replacement k —>■ A: -|- Cg) is the famous “shift 
of the level” k. However, several authors have argued (cf., e.g., [T5]) that the occurrence (and 
magnitude) of such a shift in the level depends on the regularization procedure and renormal¬ 
ization prescription which is used for making sense of the heuristic path integral. Accordingly, 
it should not be surprising that there are several papers (cf. the references in [15]) where the 



shift k ^ k + Cg is not observed and one is therefore led to the following relationship between q 
anc@ k: 

q = k with k > Cg 

This is also the case in [T9l [20] and the present papei@. 


Let C and S be the x A^L matrices with complex entries given by 


C*Au •— 


Sx„ := 




1 






• /jdim(t)/2 |A/r|V2 ^rgW^ 

for all A,/r G A^ where ^7^+ is the number of elements of We have 


S^ = C 


(5.1a) 

(5.1b) 


(5.2) 


It will be convenient to generalize the definition of S\fj^ to the situation of general A, /r G A 
using again Eq. (I5.1bl) . 

Let 6x and d\ for A G A be given b}@ 


Ox := ex(^A+2p> 

,_ < 5 'ao (a) tt sin(^(A + p, a)) 

5oo -l■-l-ae7^+ sin(f(/9,a)) 


(5.3a) 

(5.3b) 


where step (*) follows, e.g., from part hi) in Theorem 1.7 in Chap. VI in m- 

For every A G A_|_ we denote by px the (up to equivalence) unique irreducible, finite¬ 
dimensional, complex representation of G with highest weight A. For every /^i G A we will 
denote by mx{p) the multiplicity of /x as a weight in px- It will be convenient to introduce 
rhx : t —>■ Z by 


mx{b) 


mx{b) if 6 G A 
0 otherwise 


(5.4) 


Instead of mx we will simply write mx in the following. 
Finally, let us define * : Wafr x t ^ t by 


T * b = k^T ■ ^{b + p)) — p, for all r G Wafr and 6 G t (5-5) 


and set, for all A G A+, /x, ix g A, p G Z\{0}, and r G Wafr 


■= (-l)^"iA(^(A - r * i/)) G Z 


(5.6) 


and 


E 


(t) 

reWaff 


G Z 


(5.7) 


view of the definition of the set A(i above it is clear that the situation fc < is not interesting 
^‘^hy contrast, in m a shift fc —>■ fc + Cj was inserted by hand into several formulas. Accordingly, several 
definitions in the present paper differ from the definitions in mi 

^®For r G Q we will write 6 ^ instead of Note that this notation is somewhat dangerous since 

dxi = 8 x 2 does, of course, in general not imply 6 x-^ = 







5.3 The two main results 

From now on we will always assume that k > Cg, cf. Remark 15.61 above. 

Theorem 5.7 Let L = (i?i) be a simplicial ribbon link in 1C x Zjsf eolored with pi where Ri 
is simplieial torus ribbon knot of standard type with winding numbers p € ^\{0} and q € Z 
(ef. (TRK) in See. Assume that Ai € where Ai is the highest weight of pi. Then 

WLO'^ff^{L) is well-defined and we have 

WLOSt.lL) = Sg, 4.9.4 (5-8) 

The following generalization of Theorem 15.71 will play a crucial role in Sec. 16.21 below. 

Theorem 5.8 Let L = be simplieial ribbon link in 1C x Zjsf eolored with [p\,p 2 ) where 

Ri is a simplicial torus ribbon knot of standard type with winding numbers p E Zi\{0} and q £ Z 
and is vertieal with standard orientation. Let us assume that Ri winds around R 2 in the 
“positive direetion^^ and that Ai,A 2 E where Ai and X 2 are the highest weights of pi and 
P 2 . Then WLO*o^^^(L) is well-defined and we have 

= 4.9x4 (5.9) 

_ q _ 

Remark 5.9 In the special case where p = 1 we have 0 t -*772 = ^Iq. (I5.64ap 

below) and Eq. (j5.8p can be rewritten as 

WLOjr„{L) = 4"oE„,.„a. 4.4 9?,9,-"' 

where is as in Eq. ()5.7p above. (A totally analogous remark applies to Eq. (15.91) 1. But 

^^A,! = {p-T*v) (5.10) 

where X,p,i' E A^, are the so-called fusion coefficients, see e.g., [38] for the definition of 
and for the proof of the equality (*) (called the “quantum Racah formula” in [38]1. 

Eq. ()5.10p implies that the RHS of both theorems can be rewritten in terms of Turaev’s 
shadow invariant (or, equivalently, the Reshetikhin-Turaev invariant), cf. Remark l3. 81 above. Ac¬ 
cordingly, in this case it is cleaio that both theorems give the results expected in the literature, 
i.e. Conjectured) below is indeed true if p = 1. 

5.4 Proof of Theorem 15.71 

Let L = (Ri) where Ri is a simplicial torus ribbon knot of standard type in 1C x Z^r, colored 
with Pi and with winding numbers p E Z\{0} and q E Z. (In the following we sometimes write 
R instead of Ri.) Let n E N be the length of the three simplicial loops T, j = 0,1, 2, in qlC x Z^v 
associated to R = Ri, cf. Sec. 13.51 above. 

The symbol ~ will denote equality up to a multiplicative (non-zero) constant which is allowed 
to depend on G, k, 1C and N but not on the colored ribbon knot considerecQ. 

Recall that, as mentioned in Sec. 13.111 above, until the end of “Step 4” below we will work 
with the original definition of WL05(.^^(L). Then we will explain how Steps 1-4 need to be 
modified if the new definition is used. In Step 5-6 we then work with the new definition of 
WLO^jf(L). 

^®cf. Sec. 15.51 below for a precise definition 

^^Note, for example, that if p = 1 then the simplicial ribbon link L = (Ri) appearing in Theorem 15.71 will fulfill 
the analogue of Conditions (NCP)’ and (NH)’ in |19| mentioned in Remark 13.81 above. 

^®in particular, it will depend neither on p nor on q nor on pi 











a) Step 1: Performing the integration in Eq. (|3.29|) 

We will prove below that under the assumptions on L = (Ri) made above we have for every 
hxed A;^ G A;!-(K) and B G Bregid^) 

[ Tf,, (Holf-(i^ + = TV,, (Holf-(4^, B)) (5.11) 

t/ ~ 

By taking into account that l|^|^(B(x)) / 0 for B € B{JC) C B{qJC) implies B G Breg(q^) 
we then obtain from Eq. (I5.11|) and Eq. (j.S.29p 

WLO^tg^iL) = I { (H, ^tlMx))) Tr„ (Ho1^*-(A,^, B)) Det''*-(B)| 

X exp(—27riA:(y, il(cro))) exp{iSQg^{A^, B)){DA-^ i^DB) (5.12) 

Proof of Eq. (15.111) ; Let A^ G A^{K) and B G BregiqfC) be fixed. We will prove Eq. (j5.1ip 
by applying Proposition 14.41 to the special situation where 

• V = A'^{K) and dfi = 

• (^fc“)fc<n,a<dim(g) is the family of maps : A-^{K) M given by 

y,“(i^) = <e„,j;'^^u;(j)(i^(./f ))(#)) + 4l^(/f)) + B(.#)) • 

(5.13) 

for all e A^{K), 

• $ : —)■ C is given by 

^{{xth,a) = Tr„ ^ M-xdim(g) ( 5 . 14 ) 

Here (ea)a<dim( 0 ) is an arbitrary but fixed (•, •)-orthonormal basis of g. 

Note that is a well-defined normalized, non-degenerate, centered oscillatory Gauss-type 

measure. (Since by assumption B G BregiQK.) this follows from the remarks in Sec. 13.9p . 
Moreover, we have 

Tr„ (Holfr(i^ + 4^, B)) = Tr„ ^ 

Finally, since is centered and normalized we have for every k < n and a < dim(g) 

I = n“(0) (5.16) 

Consequently, we obtain 

I TV„ (Holfr(i^ + B))d/i^’"“‘=(i^) 

= [ Tr,i(ni,exp(^ eayfc“))d/l5’*"'^ = f <^>{{Y^)k,a) = <^{{ f 

= ci>((y,“(0))fc,,) = TV„(n,exp(j;^e„y,“(0))) = Tr„ (Holfr(H;f, B)) (5.17) 

where step (*) follows from Proposition 14.41 above. The following remarks show that the as¬ 
sumptions of Proposition 14.41 are indeed fulfilled. 












i) We have $ G In order to see this note first that 


^{{xt)k,a) = Trp,(]J^exp(^^eaX^)) = TrEnd(\/i) (Hfc 

where Vi is the representation space of pi, expEnd(Vi) i® exponential map of the as¬ 
sociative algebra End(l/i), and (pi)* : 0 ^ gUli) is the Lie algebra representation in¬ 
duced by Pi : G —)■ GL(Vi). Without loss of generality we can assume that Vi = C'^ 
where d = dim(l/i). From Definition 14.21 it now easily follows that we have indeed 
4> G 

ii) For all k, k' < n, a, a' < dim( 0 ) we have 

[ Y^Y^! = [ Y^ dpY^^^ [ Y-: dnY^^^ (5.19) 

t/ r\j t/ r\j J 

This follows from Fq. (|5.16p above and 

J J 

« /, 0 (5.20) 

where -C •, • S> is the scalar product orl^ A'^{K) and, for given k, k' < n, a, a' < dim(g), 
/,/' G A^{K) are chosen such that Y^{A^) — Y)f(O) A-^,f 'A> and Y^'{A-^) — 

Y^!(0) =<S A^,f' » for all A-^ G A-^{K). Here in step (*) we have used Proposition 
14.11 (cf. also Remark l,3.4jl . and in step (**) we have used that for all non-trivial and 
\ k,k' A rijjA' G {0,1, 2}, appearing on the RHS of Fq. (j5.13p we have 

■kK vr(/^^^^) A ±7r(/|.^^ ^) (5.21) 

where vr : C'^((;/C,M) —>■ (^^(iL, R) is the real analogue of the orthogonal projection given in 
Fq. p3.4p . Fq. ^5.211) follows from Fq. (I3.12p in Sec. 13.41 above and from our assumption 
that Ri is a simplicial torus ribbon knot of standard type in /C x Z^v- 



b) Step 2: Performing the • exp{iS^g^{A-^,B)){DA-^ (g) Dil)-integration in p5.12l) 

Note that the remaining fields A-^ and B in Fq. p5.12p take values in the Abelian Lie algebra t. 
For fixed A^ and B we can therefore rewrite Hol^®'^(A;J-, B) as 

Holf'{.4^ B) = exp(4.(B) + »(j).4pip>)) (5.22) 

where we have set 

e t (5.23) 


Observation 5.10 From the assumption that i? = i?i is a simplicial torus ribbon knot in 
/C X Zjv of standard type with first winding number p 7 ^ 0 it follows that for each j = 0,1, 2 
there is a simplicial loop = (x^*'^^)o<fc<n, n G N, in qfC which, considered as a continuous map 
—>■ S'^, is an embedding and fulfills (cf. Convention 13.5p 



= P 


A^k=l ^ 


which, according to Convention 13.21 above, is the the scalar product induced by -C 















(5.24) 


Since pi = p\^ it follows from the definitions in Sec. 15.21 above that 
Trpi(exp(6)) = ^ mAi V6 G t 

Combining Eqs. (I5.22jl - ()5.24p with Observation 15.101 we obtain 
Tr,,(Holff(A,^,S)) 

= exp(27ri < A^,ap(u;l)s >^ 1 ^( 5 ^:)) (5-25) 

where we have set 

(u;[)s := ^ <^ 1 ( 9 ^) (5-26) 

Let us now introduce for each y £ I, a £ A and B £ BQC) C B{qlC): 

Fa,y{B) := l|^]^(B(x)))(exp(27ri(Q;,4'(S)))) Det*^'=(.B)exp(-27riA;(?/,B(o-o))) (5.27) 

After doing so we can rewrite Eq. (I5.12h as 


WL02“(i) = E„«”>.(“)E. 


1!GA 

X f F„,y(.B)exp(27ri < A^,ap(u;[)s >^x(gyc)) exp(iS’^5''(A^,.B))(DA^ (8)DB) (5.28) 


Eor each fixed y £ I and a G A we will now evaluate the corresponding integral in Eq. (j5.28p 
by applying Proposition 14.71 above in the special situation where 

• V = AciK) © B{IC). Eor V we use the decomposition E = Vq ® Pi © E 2 given by 

Vo := BciqlC) © (Image(*A: o tt o dqfc))^ 


El := (ker(*i^ otto dq^))^ = (ker(7r o dqx))^ = {BciqlC))^ C 0(/C) 

E 2 ;= Image(Ax o tt o dqK.) C A^iK) 

where vr : A'£,,i{qK,) —)• A'£,,i{K) = Ajr{K) is the orthogonal projection of Eq. (13.41) . dqjc 
is a short notation for (dgA:)|B(A:)) (■)"*“ denotes the orthogonal complement in Ajr{K) 

and B{IC), respectively. Note that step (*) follows from Eq. ()3.5[) . 

• dp = := ^ exp(i5^|^(A^, B)){DA^ © DB) where 


^disc _ 


expiiSts^iA^,B)){DA^ ^ DB) 


• F = Fa^y op where p : Eq © Ei = B{)C) © (E 2 )-'- —> B{1C) is the canonical projection. 

• V = 27rap(t(;()s 

Before we continue we need to verify that the assumptions of Proposition 14.71 above are indeed 
fulfilled. 

1. is a normalized, centered oscillatory Gauss type measure on Aj:{K) © B{qlC). In 

order to see this we rewrite aJ^ 

^ -27Tk{-kK O TT O dq!c)B (g^)) (L>A^ © DB) 

Accordingly, has the form as in Proposition 14.71 with Vq, Ei, and E as above and 

where M ; Ei —>• E is the well-defined linear isomorphism given by 

M = -2TTk{kK o tt o dgAc)|yi (5.29) 

^“recall Eq. (I3.15cll and observe tiiat <C *kA:^, dqicB ^A^(qK)=^ *kA^, iT{dqicB) >^-L(qK)= — < 

A^,*K{TT{dqlcB)) 

















2. F = Fa^y op is a bounded and uniformly continuous function. 

3. V is an element of V2- In order to prove this we introduce a linear map 

ruR : C°(g/C,M) ^ 

by mR := -kx o vr o dq/c where vr : C^{qJC,M) —>■ M), dqjc ■ C^{qlC,M.) —>■ (^^(g/CjlR), 

and kx ■ K) —>■ ffi) are the “real analogues” of the three maps appearing on 

the RHS of Eq. (j5.29l) above. From Lemma 15.111 in Step 3 below it follows that there is a 
uniquJ^ / £ C C^{q}C,M.) such that 

(rc[)s = mR • / (5.30) 

and also 

/(-) = » (5-31) 

That V &V 2 now follows from 

V = 27rap(rt;[)s = 27rap(mR • /) = (*x o vr o dgic) ■ (27rap/) (5.32) 


By applying Proposition 14.71 we now obtain 


1 

^disc 


F„,y(B)exp(27ri < ^^,ap(u;[)s :>A^{qlC)) ^ B)){DAj 0 DB) 



- M-^v)dxo ~ ^ Fc,,y{b - M-i 


v)db 


(5.33) 


Here ■ ■ ■ dxo and ■ ■ ■ db are improper integrals defined according to Definition 14.51 above. 
(Remark 14.61 above and a “periodicity argument”, which will be given in Step 4 below, imply 
that these improper integrals are well-defined.) Step (*) above follows because F(xo — M~^v) 
depends only on the Bc(<?^)-component of xq £ Vq = Bc{qlC) © (V 2 )''" = t© {y 2 )^- 
According to Eq. (15.3111 we have af £Vi = (BdqlC))-^, so Eq. (15.3211 implies that 


M = -^apf 


(5.34) 


Combining Eqs. (I5.27p . (I5.28p . (15.3311 . and (I5.34p we obtain 


WLOg“{L)~W 


aSA 
X 


^yGl 


db eyip{-2TTik{y,B{ao))){Yl^l[ll^{B{x))) 


X (exp(27ri(a,T(R)))) Det'^“'=(R) 


- \B=b+^apf 


(5.35) 


It is not difficult to see that Eq. p5.35p also holds if we redefine / using the normalization 
condition 

f{ao) = 0 (5.36) 

instead of the normalization condition (j5.3ip abovJ^. 

®^here C^f/CjR) is embedded into C°((jr/C,R) in the same way as B{IC) is embedded into B{qlC), cf. Sec. 13.21 
®^this follows from Eq. (ITel) in Remark ITel above and the periodicity properties of the integrand in ■ ■ ■ db 
(for fixed y and a), cf. Step 4 below 


























c) Step 3: Rewriting Eq. (|5.35|) 

Lemma 5.11 Assume that (u;[)s £ Ci{qlC) = C^{qlC,'R) is as in Eq. (j5.26jl above. Then there 
is a f £ C unique up to an additive constant, such that (trQs = • /. 


Proof. That / is unique up to an additive constant follows by combining the definition of mR 
with the real analogue of Eq. (j3.5l) in Sec. l3.2l above and the fact that ★x : {K, M) —)• {K, M) 

is a bijection. 

In order to show the existence of / we observe first that the assumption that i? = i?i is a 
simplicial torus ribbon knot of standard type in /C x implies that S\(arc([|.) U arc([|.)) has 
three connected components. Let us denote these three connected components by Zq,Z\,Zi. 
The enumeration is chosen such that Zq is the connected component containing arc([^) and Z\ 
is the other connected component having arc([ 2 ) on its boundary. Let / : 5^o(^) ^ be given 
by 


/(o-) 


C± i 

c± 1 


\i a £ Z\ 
if cj G Zq 
if a £ Z2 


(5.37) 


for all a £ So(^} where Zj is the closure of Zj in S, c G M is an arbitrary constant, and the sign 

Of Ai) 

± is “+” if for any A: < n the edge '^)) points from Z 2 to Zi and ” otherwise. In 

order to conclude the proof of Lemma 15.111 we have to show that 


=mm-f = -*^K{T^{dqicf)) (5.38) 

Let S be the set of those e G ^i{q}C) which are contained in Zq but do not lie on arc([ 2 ). 
Now observe that {dqjcf){e) = 0 if e ^ 5. On the other hand if e G S' we have 

{dqicf){e) = ±^sgn(e) 

where the sign ± is the same as in Eq. (I5.37P and where sgn(e) = 1 if the (oriented) edge e 
“points from” the region Zi to the region Z 2 and sgn(e) = — 1 otherwise. 

From the definition of qK, it follows that every e G 5i(g/C) has exactly one endpoint in 
do{Ki)i^do{K 2 ) C doiqlC) and one endpoint in {do{Ki)'Ado{K 2 )T ■= do{q}C)\{do{Ki)Udo{K 2 )). 
On the other hand, if e G S' then both endpoints of e will be in Uj=o Accordingly, for 

every e G S we can distinguish between exactly three types: 

e is of type j (j = 0,1,2) if e has an endpoint in arc([-^) O (5^o(Ari) U do{K 2 )y 

Next we observe that for each fixed e G S' of type j there exist exactly two indices A: < n such 
that 

-kK (7r(sgn(e) • e)) = 7r([|f'‘^) (5.39) 

Moreover, if we let e G S vary then for j = 1,2 every A; < n arises exactly once on the RHS of 
Eq. (I5.39P and for j = 0 every A: < n arises exactly twice Taking this into account we arrive at 


*K {■K{dqK.f)) = ^ 


eG5 


i -kK (7r(sgn(e) • e)) = + 23 vr([ 2 ^'''’)) 


Mk) , 


V 

Z^k= 


(if 

iU‘: 


1 fl(^) _j_ ]_ ^2(fc) _|_ 


1(0(0) ^ V" 






In the following we assume that B £ B{)C) C B{qlC) = C^{qlC,i) is of the form 

B = h+ lapf 


□ 

(5.40) 


with 6 G t, a G A and where / is given by Eq. (|5.30p above in combination with ()5.36p . 
















Observation 5.12 Let Zq, Zi, Z 2 be as in the proof of Lemm,a \5.11\ above. Then the restriction 
of B : ^o{qKf) —)• t to ^^{qKf) H Zi is constant for each z = 0,1,2. Moreover, if i = 1,2 then also 
the restriction of B : —>■ t to do{ql^) H Zi is constant. 


We set B{Zi) := B{x) for any a: e Zj D ^Q^qKf), which - according to Observation 15.121 ~ is 
well-defined. 

Lemma 5.13 For every B G B^Kf) of the form (j5.4Up and fulfilling Hx / 0 we 

hav^ 

Bet^^^^iB) = - exp(ad(i?(Z0))|j)''^^'^ (5-41) 

where Zi, z = 0,1, 2 are as in the proof of Lemma \5.11\ and xi^i) the Euler characteristic of 
Zi. 


Proof. We set 'Sp{Zi) := {F € ^p{IC) \ F € Zi} = {F £ dp{K.) \ F C Zi], for z = 0,1,2, and 
dp{Zo) := {F £ ^p{IC) I F £ Zq}. Since S = is the disjoint union of the three sets Zq, Zi, 
and Z 2 we obtain from Eq. (I3.23p in Sec. 13.61 and Observation 15.121 


Det<^**c(^) ^ ^ det^/2^1t - exp(ad(.B(Zi)))|f) 


(-ly 




X |det^/^(lt — exp(ad(i?(Zo)))|{)^ 


#5'p(^o)' 


" exp(ad(i3(Z,)))|t)^'=°( iE#Sp(^d 


(5.42) 


where in step (*) we have used that Yl^p=o{~^Y~ Sp=o(“^)^^5^p(-^o)- The assertion 
of the lemma now follows by combining Eq. (I5.42p with 


x{Z,) = x(Z,) = V' (-l)P#Sp(Zi), z = 0,1,2 

^ —^p=0 


where we have used that Zi is a subcomplex of the CW complex 1C. 


□ 


Taking into account that aic{ljf) C Zj for j = 1, 2 and arc(/^) C Zq we see that Observation 
15.121 implies that 


B{Zj) = \lk<n 

(5.43) 

L Eq. p5.4Up. Moreover, for such B we have 


B{Zo) = ^iB{Zi) + B{Z 2 )) 

(5.44) 

0,1,2 we have 


q = wind((^i) = 

(5.45) 


In order to see this recall that q is the second winding number of the simplicial torus ribbon 
knot of standard type Ri, which coincides with the winding number wind(fgi) of /^j, considered 
as a continuous map ^ S^. 

^®Note that the expression on the RHS of Eq. (15.411) is well-defined since by assumption H,,, (Bfa;)) 0, 

which implies that B{x) £ Reg and therefore det(le — exp(ad(i3(x)))|e) 7^ 0 (recall the definition of Reg and cf. 
Eq (13.221) above) 



























Combining Eq. (j5..S5p and Eq. (I5.2.S|) with Eqs. (j5.4.Sp - (j5.45p and Lemma [5.13[ and taking 
into account Eq. (I5.36P above (cf. the paragraph before Observation 15.121) 

WLO^i-(L) ~ (5.46) 

where for 6 G t and a G A we have set 

Fa{b) := [(]J^lJ^^]^(B(x)))(exp(7rzq(a,S(Zi)+ .B(Z2))) 

d) Step 4: Performing ■ ■ ■ db and Yly^i ^5.46p 

For all y G / and a G A the function t 9 6 (->■ G C is invariant under all 

translations of the form 6 i—> 6 + a; where x G / = ker(expn) = In order to prove this it 


is enough to show that for all 6 G t and x G I we have 

llt(^ + ^) = lltW (5-48a) 

g2^i6(a,b+x> ^ ^2nie{a,b) all O G A, 6 G Z (5.48b) 

det^'^^(l{ — exp(ad(6 + x))|f) = det^^^(l{ — exp(ad(6))|{) (5.48c) 

g-2^*fc(y,6+x) ^ g-2^*fc(y,6) all y G / (5.48d) 

Note that because of the assumption that G is simply-connected we have T = I. The first 


of the four equations above therefore follows from the assumption in Sec. 13.71 that is 
invariant under Waff. The second equation follows because by definition, A is the lattice dual 
to r = I. The third equation follows from Eq. (I3.22p above by taking into account that 
(_l)Ea6'R,^(“>a;> _ ^_-^'^ 2 {p,x) = 1 for X G r = I because p = element of the 

weight lattice A. Finally, in order to see that the fourth equation holds, observe that it is 
enough to show that 

(a, /3) G Z for all coroots a, /3 (5.49) 

According to the general theory of semi-simple Lie algebras we have 2 G Z. Moreover, there 
are at most two different (co)roots lengths and the quotient between the square lengths of the 
long and short coroots is either 1, 2, or 3. Since the normalization of (•, •) was chosen such that 
{a, a) = 2 holds if a is a short coroot we therefore have (d,a)/2 G {1,2,3} and (15.491) follows. 

From Eqs. (15.471) and (15.481) we conclude that t 9 6 i-7> Fa{b) G C is indeed 

/-periodic and we can therefore apply Eq. (14.5p in Remark 14.61 above and obtain 

db J db = J db e-2-*^<^’^hQ(6)F„(6) (5.50) 

where on the RHS Jq - ■ ■ db and f ■ ■ ■ db are now ordinary integrals and where we have set 

e - (E. AiCj I Xi G (0,1) for all i < m} C t, (5.51) 

Here {ei)i<m is an (arbitrary) fixed basis of /. 

According to Eq. p5.50p we can now rewrite Eq. p5.46p as 

WLOg“(L) ~ / * e“““''’''>lo(6)rA((>) 



(5.52) 






























where in step (*) we have used, for each a € A, the Poisson summation formula 


E 


^—27Tik{y,b) _ 


yel 


caY, 


xe^A 


(5.53) 


where Sx is the delta distribution in x € t and ca a constant depending on the lattice A. (Recall 
that the lattice A is dual to P = /.) Observe also that IgAh cle arly has compact support and 
that IqFq, is smooth because dQ C iging = t\treg and vanisheqfjl on a neighborhood of Ring- 
Finally, note that since s > 0 above was chosen small enough (cf. Footnote 1131 in Sec. 13.7p 


we have for every B G B{qlC) of the form Eq. (|5.40l) with b G 


n 




(+) 


x€So(g^) 


(5.54) 


where step (+) follows from Observation 15.121 

Using this we obtain from Eq. (j5.52p and Eq. (I5.47p after the change of variable b —t- kb =: ag 
and writing ai instead of a (and by taking into account that x(^o) = 0 and x(^i) = x(^ 2 ) = 1)^ 


WLOg“(i) 


E 


O0:«ieA 


lfcQ(ao)nT.Ai(ai) 


det42(lj - exp(ad(R(Z,)))|0 

X exp(7riq(Q;i,R(Zi) + B{Z2))) 


(5.55) 


Recall from the paragraph at the beginning of Sec 
with the original definition of WLO(?i®‘^(L) given in Sec. 13. R) 


J I^=fc(“0+«1P/) 

that so far we have been working 
that if one modihes the definition 


”3 |o. 

By examining the calculations above it it becomes cleail'^® 

of WLOffg^{L) in one of the possible ways listed in Sec. 13.111 then instead of Eq. (I5.55h one 

arrives at 


WLO'^“'' 


'rig 


(L) ~ Y 


oo,«l€A 


lfcQ(«o)™'Ai(ai) 


n,=i ^^r.AB{Zi)) det42(ij, _ exp(ad(R(Z,)))n.) 


X exp(7rfq(ai,R(Zi) + B{Z2))) 


\B=^{ao+aipf) 


(5.56) 


Note that the only difference between Eq. (|5.56ll and (|5.55l) is that the lt^^g(R(Zo))-factor 
appearing in Eq. (|5.55p no longer appears in Eq. (|5.56p . 

e) Step 5: Some algebraic/combinatorial arguments 

For each ao, «i G A we define 

V{ao,ai) ■ {!) 2} ^ A 
by 

V(ao,ai)i^ = f^B{Zi) - p i = l,2 (5.57) 

where B = ^(oo + <aiP/)- Observe that for r/ = 'r](ao,ai) and B = |(ao + «iP/) we have 

det^/^(lt - exp(ad(R(Zj)))|{)) = det42(ij _ exp(ad(^(r/(i) + p))\i)) ~ d^(i), (5.58a) 


^'^note that according to the definition of Fa and Eq. (15.3611 there is a factor appearing in Fa{b) which 

vanishes on a neighborhood of ising , cf. Sec. 13.71 

^®for example, if one works with the first modification (Ml) on the list in Sec. I3.11l then this point is obvious 
after examining the proof of Theorem 3.5 in |16| where simplicial ribbons in q)C x Zn are used. For modification 
(M2) this is also not difficult to see 
































where in step (*) we used Eq. (j3.22p and Eq. (15.31) . 

In the following we will assume, without loss of generalit\P^ that ao € Zi and therefore 

i?((To) = B{Zi) (5.58b) 

Moreover, we will assume, without loss of generalitj@ that the enumeration of Zi and Z 2 was 
chosen such that we have the situation where in Eq. (I5.37P in the proof of Lemma 15.111 the 
“—’’-sign appears. Then we have 

ao = kB{ao) = kB{Zi) = 77 ( 1 ) -|- p, (5.58c) 

ai = 1(77(1)-77(2)) (5.58d) 


exp(7riq(ai,.B(Zi) + B{Z2)) = exp(7r7q(l(77(l) - 77 ( 2 )), ^( 77 ( 1 ) + 77 ( 2 ) +2p)) 

= exp(xp(^(l)>^(l)+2p) - (??(2),??(2)+2p)) (5-58e) 

In view of the previous equations it is clear that we can rewrite Eq. (15.561) in the following form 


WLOS“{L) ~ V ^ m..(rO(l) -l(2)))Ue(.,(l) +p)(n(., +P))) 




1 ^ 'n{aQ,a^) 


(5.59) 


But 


ifcQ(??(i) + p) (IlLi + p))) 

= 'i-kQ{ri{l) + p)lkir,g{v{^) + p)hlr,g{v{‘^) + p) = lfc(QnW9)(^(l) +/^)lfcWg(^(2) +p) 
Combining this with Eq. (I5.59P we obtain 


WLOi‘”(L) ~ 

~E 




a an 

p 


“ ^2)) lfc(QnW9)(^?l + p)'i-kiregiV 2 + p)dr,idr,2 ^'^^1 

a 

mx, (1(771 - p2))d^id^2KK 


^k(^QC\treg — p)nA,?y 2 ^{ktreg — p)^A 


(5.60) 


Let P be the unique Weyl alcove which is contained in the Weyl chamber C fixed above and 
which has 0 € t on its boundary. Explicitly, P is given by 


P = {b € C \ {b,9) < 1} 


Note that the map 


Waff X P 3 {T,b) 1-^ T ■ b e treg 

is a well-defined bijection. Moreover, there is a finite subset W of Waff such that 


W X P 3 {T,b) ^ T ■ b ^ Q n treg 

is a bijection, too. Clearly, these two bijections above induce two other bijections 


(5.61) 

(5.62a) 

(5.62b) 


Waff X {kP - p) 3 {T,b) ^ T *b € ktreg “ P 

®®one can ciieclc easily that the final result for WLO^g'^fL) does not depend on this assumption 
again one can check easily that the final result for WLO^g'^fL) does not depend on this assumption 


(5.63a) 



















(5.63b) 


W X {kP — p) 3 {T,b) T * b k{Q n ireg) — p 

where * is given as in Eq. (j5.5l) in Sec. 15.21 above. 

Observe that for r/ € A and r G Waff we have 

^T^rj — 

— ( 1 ) djj 


(5.64a) 

(5.64b) 


[Since Waff is generated by W and the translations associated to the lattice E it is enough to 
check Eq. ()5.64b|) and Eq. (j5.64a|l for elements of W and the aforementioned translations. If 
r G W then T*r} = T- r} + T-p — p. On the other hand if r is the translation by y G E we have 
T * p = rj + ky. Using thi^^ Eq. (j5.64a[) follows from Eq. (j5.3a|i and Eq. ()5.64bjl follows from 
Eq. (I5.3bl) and Eq. (I5.1bl) ]. 

a a 

In the special case where r G W we also have Ot*^ = Og ■ However, if p 7 ^ ±1 we cannot 
expect the last relation to hold for a general element r of Waff (cf. Footnote [25] in Sec. 15.21 
above). 

On the other hand, by taking into accounil^ Eq. (I5.58el) above anc0 Eq. (15.41) above we see 
that we always have 


a a 

p 


"iAi (^(n * r?i - n * P 2 )) 6 ?i*giOTi*g 2 = mxi - ^2))6'm6'r72 

for all Ti G Waff and pi,p 2 £ A. Combining this with Eq. (I5.60p we finally obtain 


(5.65) 


'NWf’pi) 


E 

E 


E. 


gi,g2&(kP—p)nA ^ —^Ti€ty,r2eWaff 


^Ai (p(U * ^2 * ^2)) ^T2*772 ^r2*? 


a 

p 

T2*g2 


E. 


(*) 


gi,g2&{kP—p)r\K ^^t\&w,t2&'W^s 

y y 

* ^r\-\ .r\n^ihP — n\r\K < 


(^(u * ? 7 i - T 2 * r? 2 ))(-l)^H-l)^^C^m^r? 2 ' 9 n*»?l^T 2 ?r ,2 


p 1 




vi,V2&{kP—p)r\A ^—^rieVPjreWaff 
'^r;i,J 72 eA^ '^'reWaff 

yrji,g2<-p 


™'Ai(^(??l - T* r/2))(-l)^dr,id,?2^m6'r*^2 




''reWaff 


(5.66) 


where in step (*) we applied Eq. (|5.65p and made the change of variable T 2 
where in step (**) we have used that (cf. p5.6ip above) 

{kP — p) = {kb — p \ b € C and ( 6 , 6) < 1} 

= { 6 Gt |6 + pGC and (b + p,9) < k} 


T := ^T2 and 


and therefore 


A n {kP — /3 ) = {AgA|A + /9 GC and (A + p-,9) < k} 

= {A G A n C |(A + p, 0) < fe} = kX 

where step (*) follows because for each A G A, A + p is in the open Weyl chamber C iff A is in 
the closure C (cf. the last remark in Sec. V.4 in [TU]i. 

®®and taking into account the relations p € A, Vx, J/ € F : {x,y) £ h, and Vx € F : (x, x) G 2Z (cf. Eq. (15.4911 
above and the paragraph following Eq. (15.491) 

®®this is relevant only in the special case where ri is a translation by 1 / £ F. If n € W then the validity of Eq. 
(15.651) follows from the W-invariance of and the relations mentioned above 

^°recall that - according to the conventions made above we have = 7fix-^{-) 







































f) Step 6: Final step 

In Steps 1-5 we showed that for L as in Theorem 15.71 we have 


WLO: 


disc 

rig 


(L) ~ ^ 


(zAl Z^rGWaff 


mm. 


mm2 


t) drndri2 


a _a 
g p /3 p 
C'r*772 


(5.67) 


For the empty simplicial ribbon link L = 0 the computations in Step 1-5 simplify drastically 
and we obtain 

WLO,1-(0) ~ ^ (5.68) 

*00 

where the multiplicative (non-zero) constant represented by ~ is the same as that in Eq. (15.671) 
above. Combining Eq. (j5.67p and Eq. (I5.68jl and recalling the meaning of ~ we conclude 


WLO 


disc 


(L) = 


V V 


(L) 


WLO 


disc/ 
rig V 


= 5, 


2 


00 


E 


TGWaff ^ 


m 


a _a 
f)^ f) P 

^?7l '^T*772 


Remark 5.14 An alternative (and more explicit) derivation of Eq. (I5.68P can be obtained as 
follows. We can apply Eq. (|5.67l) to the special situation L = L' := {R'l) where ii( is a simplicial 
torus ribbon knot in /C x of standard type with winding numbers p = 1 and q = 0 and which 
is a colored with the trivial representation po- Since WLO*g'^(0) = WLO*g'^(L') we obtain 


WLOS“(0) = WLOg“(L') ~ 


(*) 


y udi,=y 


^ 1 _ ^ _ 1 _ 1 

■5oo5oo - ^ 00 ^ - Ooo^ - 5 ^ 


where in step (*) we used mg (a) = Soa which implies that mQ^(^^(r) vanishes unless r = 

m = m- 


(5.69) 
1 and 


5.5 Proof of Theorem 15.81 

We will now sketch how a proof of Theorem l5.8l can be obtained by a straightforward modification 
of the proof of Theorem 15.71 

Recall that R 2 appearing in Theorem 15.81 is a closed simplicial ribbon which is vertical and 
has standard orientation. Let cr^ G ^o{qlC), j = 0,1,2, be the three points associated to R 2 as 
explained in Definition 15.51 We then have 

Trp 2 (Ho4*f (i^ + B)) = Tr^^ (exp(q 2 w{j)B{al))) (5.70) 

where w{j), j = 0,1, 2 , is as in Sec. 13.51 and where q 2 is the second winding number of R 2 - Since 
R 2 has - by assumption - standard orientation (cf. again Definition 15.5p we have q 2 = 1. 

Clearly, the last expression in Eq. (I5.70p above does not depend on A-*- and A^. Thus when 
proving Theorem 15.81 we can repeat the Steps 1-3 in the proof of Theorem 15.71 almost without 
modifications, the only difference being that now an extra factor Trp 2 (exp(^^^Q t(;(j)R((j 2 ))) 
appears in several equations. Eor example, we obtain again Eq. (j5.46p at the end of Step 3 
where this time the function Fa{h) contains an extra factor Trpj (exp(^^^Q r(;(j)R((T 2 )))) inside 
the [• • • ] brackets. According to Observation 15.12] in Step 3 for all B appearing in Fa{b) we have 
B{a^) = B{al) = R(cr|), which implies that Trp^ (exp(X;j=o ^ 0 ')^(^ 2 ))) = Trp 2 (exp(R(o-^))) 
for the relevant B. This extra factor appears later, in Eq. (15.551) (and in the modification Eq. 
(15.561) 1 at the end of Step 4. (In order to arrive at the modified version of Eq. (15.551) we need 
to add the equation Trp^ (exp (6 -|- x)) = TVpj (exp( 6 )) for all 6 G t, a: G / to the list of equations 
in Eqs (I5.48j) ). 






























As in Sec. 15.41 above let us assume again (without loss of generality) that the enumeration of 
Z\ and Z 2 was chosen such that in Eq. (15.371) in the proof of Lemma lS.lll we have the situation 
where the “—’’-sign appears. Then it follows from our assumption that Ri winds around R 2 
in “positive direction’r^l that € Z 2 . So if we now, in Step 5 replace the variable B by 
?7 : {1,2} ^ A given by r]{i) = kB{Zi) — p then B{a 2 ) gets replaced by + p) and the 

term Trp^ (exp(i?((T 2 ))) is replaced by Ti’p^ (exp(^(r 7 ( 2 ) +/o))). From Weyl’s character formula 
it follows that 


Tr 


P2 


ex' 


P(i(^(2) +/5))) = 


’A2»?(2) 


5, 


0r,(2) 


where A 2 is the highest weight of p 2 - 

Accordingly, at a later stage in Step 5 an extra factor appears in several equations 

where p 2 is one of the two summation variables. Taking into account that apart from Eq. (j5.64l) 
we also have = (“ 1 )’" 5 'a 2 »? finally arrive at 


WLO“! 


disc 


rig 






a _a 

V1V2( J ^A2T?2 flp o p 

'"'Ai nV c ^r]\^T*r]2 

hor,2 




(5.71) 


Combining this with Eq. (I5.68P above (where ~ represents equality up to the same multiplicative 
constant as in Eq. (15.711) 1 we arrive at Eq. (j5.9p . 


6 Comparison of WLO^^^{L) with the Reshetikhin-Turaev in¬ 
variant RT{L) 

6.1 Conjecture [1] 

For every 0 as in Sec. [H every k G N with k > Cg, and every colored ribbon link L in x 
let us denote by RT{S‘^ x S^,L), or simply by RT{L), the corresponding Reshetikhin-Turaev 
invariant associated to Uq{Qc) where 0c := 0 C>r C and q = (cf. Remark 15.61 above!. 

According to Remark 13.111 above it is plausiblj^ to expect that the values of 
computed above coincide with the corresponding values of Witten’s heuristic path integral ex- 
pression0 WLO„orm(A) = Z{S‘^ x S^,L)/Z{S^ x S"^) = Z{S^ x S^,L) in the special case 
considered. In view of the expected equivalence between Witten’s heuristic path integral ex¬ 
pressions Z{S‘^ X S^,L) and the rigorously defined Reshetikhin-Turaev invariants RT{L) we 
arrive at the following (rigorous) conjecture: 


Conjecture 1 For every colored simplicial ribbon link L as in Theorem 5.1 or Theorem \5.8\ we 
have 


WLO)^“')„(L) = RT{L) 


where on the RHS we consider L as a continuum ribbon link in S'^ x in the obvious way. 


As mentioned already in Remark 15.91 above in the special case p = 1 Conjecture [U is true. 
Since I have not found a concrete formula for RT{L) where L is as in Theorem 15.71 or Theorem 
15.81 with p > 1 in the standard literature at present I cannot prove Conjecture [1] in general (cf. 
also Sec. 16.31 below). We can, however, make a “consistency check” and compute - assuming 

which we meant that the winding number of the projected ribbon (Ri)e := tte o Ri : x [0,1] —>■ 

around (T 2 is positive 

^^in view of Footnote m and Footnote [20] in Remark l3. Ill above we do not have the guarantee that this really 
is the case 

Here we used Witten’s heuristic argument that Z{S^ x S'®) = 1 





















the validity of Conjecture [U - the value of RT{S^, L) for an arbitrary colored torus knot L in 
S^. We will do this in Sec. 16.21 below with the help of a standard surgery argument. It turns 
out that we indeed obtain the correct value for RT{S^,L) (which is given by the Rosso-Jones 
formula, cf. Eq. ()6.12p below). 

6.2 Derivation of the Rosso-Jones formula 

Let us now combine Theorem 15.81 with a simple surgery argument in order to derivS the 
Rosso-Jones formula for general colored torus knots in S^. 

In the following it will be convenient to switch forth and back between the framed link picture 
and the ribbon link picture. 

Let us first recall Witten’s (heuristic) surgery formula. For our purposes it will be sufficient 
to consider the following special case of Witten’s surgery formula^^l 

Z{S\L) = Y, Rao ^(5 ^x51,L,(C,p„)) (6.1) 

where 

• L is a colored, framed link in x 5^, 

• L is the colored, framed link in obtained from L by performing a surgery on a separate 
(framed) knot C in x 

• Pa is the irreducible, finite-dimensional, complex representation of G with highest weight 
CK G (we assume that C is colored with pa), 

• matrix associated to the surgery mentioned above. 

Let us now restrict to the special case where L is the colored knot L = (rp,q, p\) where 
A € and where Tp^q is a torus knot of standard type in x with winding numbers 
p € Z\10| and q € Z (cf. Definition 15.11 and Definition 15.3p and equipped with a “horizontal” 
framing^, i.e. a normal vector held on Tp^q which is parallel to the S'^-component of 5^ x 5^. 
Moreover, let C be a vertical loop in 3“^ x (equipped with a horizontal framing). Let Tp^q be 
the framed torus knot in which is obtained from Tp^q by performing the surgery on C which 
transforms 5^ x into and has the matrix K = S associated to it (cf. p. 389 in @3]). 

Remark 6.1 Note that up to equivalence and a change of framing every framed torus knot in 
can be obtained in this way. 

In the special situation described above formula (|6.1I) reads 

Z{S^ (T’p,q, p,)) = Y^aeAX *^“0 

Clearly, Eq. (j6.2p is not rigorous. We can obtain a rigorous version of Eq. (16.2p by replacing 
the two heuristic path integral expressions Z{S^,{Tp^q, p\)) and Z{S‘^ x , {Tp,p, px), {C, pa)) 
with the corresponding Reshetikhin-Turaev invariants. Doing so we arrive at 

RTiS^ {fp^p,Px)) = Y^a^Al *^“0 ( 6 - 3 ) 

explained in Remark 16.21 below, we will do this in two different ways. Firstly, in a rigorous way in order 
to obtain a consistency check of Conjecture [T] above and, secondly, in a heuristic way (where we do not need 
Conjecture [T]) in order to obtain a heuristic derivation of the Rosso-Jones formula 

^®here we use a notation which is very similar to Witten’s notation; one important difference is that we write 
(C, Pa) where Witten writes Ra 

^®a special case of Tp^q is any simplicial torus ribbon knot of standard type (cf. Definition l5.4ll when considered 
as a framed knot instead of a ribbon knot 





Remark 6.2 Even though Eq. (j6.2p is only heuristic it is sufficient/appropriate for achieving 
“Goal 2” of Comment [1] in the Introduction. It is straightforward to rewrite the next paragraphs 
using Eq. (j6.2l) instead of Eq. (16.3p and usinJ^ x S^. (Ty. p\). (C. o..,)! =WljOnorm{L) = 
where L is given as in the paragraph after the present remark. Doing so we arrive 
at 

Z[S\ (rp,q,PA)) = (6-4) 

which is the (heuristic) “Chern-Simons path integral version” of the Rosso-Jones formula, cf. 
Eq. (I6.12h below. 

On the other hand, for “Goal 1” we should use the rigorous formula Eq. (j6.3|) in order to 
make the aforementioned “consistency check” of Conjecture [T] above. Since Goal 1 is our main 
goal we will now work with Eq. (j6.3p . 

Let us now consider the special case where Tp ^ “comes from”El a simplicial torus ribbon 
knot in /C X Z of standard type and C “comes from” a vertical closed simplicial ribbon R 2 in 
ICxh. Moreover, set pi := p\ and p 2 '■= Pa where a € is fixed (temporarily). Finally, assume 
that for the colored simplicial ribbon link L := ((i?i,i? 2 ); {pi,P 2 )) in /C x Z the assumptions of 
Theorem 15.81 above are fulfilled. If Conjecture [His true we have 

RT{S^ X 5 I, {Tp^^,px), {C,p^)) = WLOitUL) (6.5) 

Combining Eq. (16.51) with Theorem 15.81 (for every a G A^) and using Eq. (16.31) we obtain 


5ooE 








(*) 




E _E 
P 

T*772 


( 6 . 6 ) 


Here in Step (*) we used S'^ = C and the fact that S' is a symmetric matrix (cf. Sec. 15.2p . and 
in Step (**) we used 

By renaming the index pi as p we obtain from Eq. (16.61) 




(6,7) 


For simplicity we will now assume that k is “large” (cf. Remark 16.31 below for the case of 
general k > Cg). If A: is “large enough”|l^ the sum ■ ■ ■ appearing in Eq. ()6.7[) can be 

_E _E 

replaced by XlreW ''' • other hand, for r G W we do have = 1 and so Eq. 

()6.7p simplifies and we obtain 

mS\ (Tp,„p,)) = S„„ rnfPr)d^4 

= '5ooE,,A.*tp<ip«l (6'8) 

^^cf. tile argument at the beginning of Sec. 16.11 where we used Witten’s heuristic equation Z{S^ x S"^) = 1, cf. 
Footnote above. 

^®i.e. Tp^q agrees with Ri when Ri is considered as a framed knot instead of a ribbon knot 
^^i.e. k > k{\, p) where k{\, p) is a constant depending only on A and p 







where we have set 


■= -r-p + p)) (6.9) 

Observe that (for fixed A and p) the coefficients Mj(p are non-zero only for a finite number 
of values of p. So if k is large enough we can replace the index set A(f_ in Eq. (I6.8p by A_|_ and 
obtain 

RT{S^ (rp,q, p^)) = Soo (6.10) 

Remark 6.3 For simplicity, we considered here (and in the paragraph before Eq. (lO.Sp i the 
case where k is “large”. However, it is not too difficult to see that this restriction on k can be 
dropped, i.e. assuming the validity of Conjecture [U we can actually derive Eq. (I6.10p for all 

k > Cg. 

According to Lemma 2.1 in m we have 

V/r, A G A+ : Vp G N : p (6.11) 

where (c^ p)p^AGA+,pGN are the “plethysm coefficients” appearing in the Rosso-Jones formula, cf. 
|35] and Eq. (10) in |12] . Accordingly, we can rewrite Eq. (j6.10p as 

RT{S^ (rp,q,pA)) = (6.12) 

which is a version of the Rosso-Jones formula. (Note that the original Rosso-Jones formula deals 
with unframed torus knots rather than framed torus knots. In Appendix lAl below we will show 
that Eq. (j6.12p above is indeed equivalent to the original Rosso-Jones formula). 

6.3 Reformulation of Conjecture [1] 

Note that Eq. p6.3p above can be generalized to 

RTiS^ (fp,q,pA), iC,pp}) = iTp,ci,Px), {C,Pa)) V/3 G A^ (6.13) 

where ((L’p,q, p\), {C, pp)) on the LHS is the (framed, colored) two-component-link in obtained 
from the two-component-link ((rp,q. Pa); (C,/o^)) in S‘^ x after applying the same surgery 
operation as the one described in the paragraph before Remark 16.11 in Sec. 16.21 above. 

By modifying the arguments and calculations after Remark 16.21 in Sec. 16.21 above in the 
obvious way we can show that Conjecture [1] implies that for all A,/3 G A^ we have 

ms\ (Tp,„ „), (C, Pf)) = Soo Y.rpw., (e-l'l) 

The converse is also true: If Eq. (|6.14p holds for every (framed) colored two-component-link 
((fp,q,pA),(C,P;3)), A,/3G A^ in obtained as above then Conjectured] will be true. I expect 
that Eq. (16.141) (and therefore Conjecture d]) can be proven for arbitrar\l^ /3 G A^ by using 
similar techniques as the ones used in [35]. 

®°note that according to Sec. 16.21 above in the special case where /3 = 0 (and A € A+ is arbitrary) Eq. (16.141) is 
indeed trne. 















7 Conclusions 


In the present paper we introduced and studied - for every simple, simply-connected, compact 
Lie group G, and a large class of colored torus (ribbon) knotCj L in 5^ x 5^ - a rigorous 
realization of the torus gauge hxed version of Witten’s heuristic CS path integral 

expressions x S^^L). Moreover, we computed the values of explicitly, cf. 

Theorem 15.71 

As a by-product we obtained an elementary, heuristic derivatiorj^ of the original Rosso-Jones 
formula for arbitrary colored torus knots L in (and arbitrary simple complex Lie algebras 
0c)- This means that we have achieved “Goal 2” of Comment [T] in the Introduction. 

Apart from achieving “Goal 2” we have also made progress towards achieving “Goal 1” 
of Comment [TJ The rigorous computation in Sec. 16.21 provides strong evidence in favor of 
Conjecture [D above, i.e. the conjecture that the explicit values of WLO*o^'j„(L) obtained in 
Theorem 15 . 71 and Theorem 15.81 indeed coincide with the values of the corresponding Reshetikhin- 
Turaev invariants RT{L). If this is indeed the case Theorem 15.71 can be considered as a step 
forward in the simplicial program for Chern-Simons theory, cf. Sec. 3 of |19] and cf. also Remark 
13.101 in Sec. [3] of the present paper. 


A Appendix: The original Rosso-Jones formula for unframed 
torus knots in 

In this appendix we will recall the original Rosso-Jones formula (which deals with unframed 
torus knots in rather than framed torus knots) and show that it is equivalent to Eq. (j6.12l) 
in Sec. 16.21 above. 

Recall that above we set 0c = 0 Gr C and q = and denoted by RT{M, ■) (for M = 

and M = S'^ X S^) the Reshetikhin-Turaev invariant associated to Uq{Qc)- Let us write RT{-) 
instead of RT{S^, •). 

We will now compare RT{-) with QI{-) where QI{-) is the ?7q(0c)-analogu^^ of the topo¬ 
logical invariant for colored links in which appeared in [401 [35] . 

The two invariants RT{-) and QI{-) are very closely related but there are some important 
differences: 

• QI{-) is an invariant of (unframed) colored links. More precisely, it is an ambient isotopy 
invariant (i.e. invariant undeiE^ Reidemeister I, II and III moves) 

• QI{-) is normalized such that QI(U\) = 1 where Ux is the unknot colored with (the 
irreducible complex representation p with highest weight) A G A^. 

By contrast we have 

• RT{-) is an invariant of framed, colored links. More precisely, it is a regular isotopy 
invariant (i.e. invariant only under Reidemeister II and III moves) 

the present paper we have restricted ourselves to the case of torus knots but it should not be difficult to 
generalize our main results to torus links. 

Our derivation is “almost” a pure path integral derivation. Essentially all our arguments are based on (the 
rigorous realization of) the Chern-Simons path integral in the torus gauge introduced in Sec. (3) The only two 
exceptions are the arguments involving Witten’s heuristic surgery formula and Witten’s formula Z{S^ x 5^) = 1 
mentioned in Remark IQ above. (Both formulas were derived by Witten using arguments from Conformal Field 
Theory.) 

®®Note that in | 40l I35 | the letter q refers to a complex variable or, equivalently, a generic element of C. We now 
replace this variable by the root of unity Doing so we obtain a complex valued topological invariant of all 

colored links L in S® whose colors pi fulfill the condition Ai € A+ where Ai is the highest weight of pi. Recall 
that if Ai ^ A+ then RT{L) is not defined and QI{L) need not be defined either since division by 0 may occur, 
^'^here we consider every link L C as a link in and project it down to a suitable fixed plane P 






• For every framed knot L with color px, X € A^, the value of RT{L) changes by a factor 
6^^ when we perform a Reidemeister I move on L. 

• RT{-) is normalized such that RT{Ux) = Sxq where Ux is the 0-framed unknot colored 
with A. 


Taking this into account one can deduce the following relation between RT{-) = RT{S^, •) 
and QI{-) 

QI{L°) = (A.l) 

Sxo 


for every framed knot L with color px, X ^ A^, where L® is the unframed, colored knot obtained 
from L by forgetting the framing and where D{L) is any “admissible’tfj knot diagram of L. 
[Note that the writhe is also a regular isotopy invariant and the effect of a Reidemeister I move 
on the exponential on the RHS of Eq. (lA.ip cancels out the effect of the move on the factor 
RT{L). Accordingly, the RHS of Eq (lA.ll) will be invariant under Reidemeister I-III moves.] 
Let us now consider the special case L = (Tp,q, px) where Tp^q is the framed torus knot in 
that appeared in Sec. 16.21 above. R can be shown that for a torus knot Tp q obtained by 
surgery from a torus knot Tp^q in S'^ x 5^ of standard type with horizontal framing we have 


writhe(L>(rp,q)) = pq 

for every admissible knot diagram L)(Tp^q) of Tp^q (in the sense above). Accordingly, Eq. (lA.ip 
specializes to 

g/((fp%, px)) = -^e-^^RT{S^ (fp,q, px)) (A.2) 

AO 

In view of Eq. (IA.2P it is now clear that Eq. (|6.12|1 in Sec. [Q above is equivalent to 

(A.3) 


which is the original Rosso-Jones formula, cf. Eq. (10) in |12] . 
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